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Abstract

This course support document is intended for second-year graduate students in Artificial
Intelligence and Data Science (IASD) at the École Supérieure en Informatique de Sidi Bel
Abbès. It introduces fundamental and advanced concepts in algorithmic complexity and
problem-solving, providing a structured learning path through three chapters.

The first chapter covers algorithmic complexity, including time and space analysis,
recurrence relations, asymptotic notations, and the analysis of recursive algorithms. The
second chapter focuses on the classification of computational problems, discussing com-
plexity classes (P, NP, NP-complete), undecidability, and the practical implications of the
P vs NP question. The final chapter applies these concepts to artificial intelligence, cov-
ering problem types, search strategies, decomposition methods, and algorithm evaluation,
linking theory to practical applications.

This document combines theoretical insights with practical problem-solving strategies
and serves as both a reference and a learning tool to strengthen students’ understanding
of computational complexity and its applications in intelligent systems.
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Introduction

This course material is intended for second-year graduate students specializing in Artificial
Intelligence and Data Science (IASD) at the École Supérieure en Informatique de Sidi
Bel Abbès. It serves as a structured pedagogical support for the module Complexity and
Problem Solving, taught during the first semester.

The polycopie is designed to deepen students’ understanding of key theoretical and
practical concepts related to algorithmic complexity and problem-solving strategies, with
a particular focus on applications in artificial intelligence.

To make the most of this material, students should already be familiar with:

� Fundamental concepts in algorithmics and data structures (both static and dy-
namic),

� Basics of graph theory and formal languages.

While this document does not primarily focus on solved exercises, it provides numerous
examples, explanations, and practice problems to support the comprehension of core ideas.
The content aims to:

� Reinforce the theoretical foundations of algorithmic complexity,

� Explore the classification of problems based on computational hardness,

� Introduce practical methods for solving complex or intractable problems,

� Apply abstract notions to real-world AI scenarios,

� Develop systematic approaches for designing and analyzing algorithms.

Objectives

The main objectives of this polycopie are as follows:

� Understand algorithmic complexity and its implications,

� Estimate execution time to compare different algorithmic solutions,

� Identify intractable or undecidable problems,

� Apply complexity theory to real-world AI use cases,

� Develop skills in systematic problem-solving and strategy design.

7
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Structure of the Document

This course material is structured into three main chapters:

� Chapter 1: Algorithm Complexity
This chapter explores the concept of time complexity, its role in evaluating algorithm
efficiency, and methods for analyzing and comparing algorithms.

� Chapter 2: Problem Complexity
This chapter addresses the classification of computational problems, introducing
complexity classes such as P, NP, NP-complete, and others. Emphasis is placed on
understanding how the inherent difficulty of a problem impacts the feasibility of
finding a solution.

� Chapter 3: Problem Solving in Artificial Intelligence
This last chapter focuses on search strategies in state spaces, problem decomposition
techniques, and intelligent heuristics commonly used in AI.

In addition to theoretical insights, this polycopie provides a valuable learning frame-
work for enhancing programming and analytical skills. It also includes bibliographic refer-
ences at the end, which supported the development of the material and provide additional
reading for interested students.
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Chapter 1

Algorithmic Complexity

Introduction

An algorithm is said to be correct if, for each input data, it must produce the correct
output. In this case, it is said that the (correct) algorithm solves the given problem.
To computationally solve a given problem, an algorithm is implemented on a computer.
That is, the algorithm is rewritten using a programming language. However, for a given
problem, there are usually several algorithms that can solve it. These algorithms differ
from each other in terms of efficiency. These differences can be much more significant
than those due to hardware and software. Is there any benefit in choosing algorithms?
And if so, how do we choose them?

In computer science, the notion of complexity refers to two concepts:

� Algorithmic Complexity: This is the study of efficiency when comparing algorithms.
Indeed, complexity introduces the concept of cost and shows that it is not sufficient
to find a correct method to solve a problem; it must also be efficient. Efficiency is
measured by the time and space required by an algorithm to solve a problem.

� Problem Complexity: This is the study that allows the classification of problems
based on the performance of the best known algorithms that solve them.

This chapter focuses on algorithmic complexity.

1.1 Generalities

1.1.1 Algorithm

The word ”algorithm” comes from the name of the 9th-century Arab mathematician, Mo-
hammed Ibn-Moussa Al-Khuwarizmi. Al Khwarizmi proposed fundamental methods for
adding, multiplying, and dividing integers, as well as calculating the roots of an equa-
tion and the decimals of the number π. These procedures were precise, unambiguous,
mechanical, efficient, and correct: they were simply algorithms. It is worth noting that
algorithms were known and used long before the advent of computing. The first algo-
rithm is the Euclidean Algorithm (300 BC) for computing the greatest common divisor
of two integers. The modern notion of algorithm was developed by logicians in the 1930s
(Herbrand, Gödel, Church, and Turing) (Lebbah, 2021). In 1968, Knuth published the
first volume of ”The Art of Computer Programming,”which focused on the modern study
of computer algorithms (Knuth, 1997).

9
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There are various ways to define an algorithm. Here, we present a definition that can
provide an idea of the concept of an algorithm.

Definition An algorithm is a well-defined computational procedure that takes an input
value or a set of values and produces an output value or a set of values. An algorithm
is, therefore, a sequence of computational steps that transforms the input value into the
output value.

1.1.2 Elementary Operations

An algorithm is a set of elementary computational operations, organized according to
specific rules to solve a given problem. For each input of the problem, the algorithm
produces an output after a finite number of operations. Elementary operations include
usual arithmetic operations, data transfers, comparisons between data, etc. It is useful to
consider as truly elementary only those operations with constant computation time, i.e.,
independent of the size of operands (Aho & Hopcroft, 1974). For example:

� Addition of integers with a bounded size (e.g., ’int’ in C) is an elementary operation.

� Addition of integers with arbitrary size is not an elementary operation.

� Similarly, testing membership of an element in a set is not an elementary operation
in this sense because its execution time depends on the size of the set, even if some
programming languages provide basic instructions to perform this operation.

1.1.3 Algorithm Complexity

Performance is a central concern in computer science. If a problem is solved within a
reasonable time, the user is satisfied. Generally, precise time measurement is not essential;
only an approximation of the time matters. If the obtained time is perceived as relatively
long, the question of a more efficient solution arises. With the machine being unmodified,
improvements will focus on how algorithms are designed based on the data volume n to be
processed. For example, if by doubling the volume of data, an algorithm returns a result
by multiplying the execution time by 2 and another returns it by multiplying the execution
time by n > 2, we will obviously opt for the first: we says that its time complexity is
better. Additionally, space complexity can be defined to account for the memory space
used during algorithm execution. The larger the complexity, the more memory zones the
program implementing the algorithm will require to store data. In this course, we focus
on the study of time complexity.

Why do we mainly address time complexity over space complexity? Modern machines
are highly robust with extraordinary hardware capabilities. Algorithms with poor time
complexity may become infeasible to run on large datasets, even if they use less memory.
We mainly concentrate on time complexity as space complexity is generally less criti-
cal. This doesn’t mean space complexity is ignored, especially in cases where memory is
constrained (e.g., embedded systems).
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1.2 Computing Fibonacci Numbers

1.2.1 Recursive Definition

Let (Fn) be the Fibonacci sequence:

Fn =


Fn−1 + Fn−2 if n > 1

1 if n = 1

0 if n = 0

A sequence defined by recurrence is a sequence defined by its first term (or first terms)
and a recurrence relation, which defines each term based on the previous one or ones, if
they exist.

The Fibonacci sequence is a sequence of integers where each term is the sum of the
two preceding terms. The sequence generates the following numbers: 0, 1, 1, 2, 3, 5, 8,
13, 21, 34, ...

1.2.2 A First Version of the Algorithm

In programming, pseudo-code is an Algorithm Description Language. It is a way of
describing an algorithm in almost natural language, without reference to a particular pro-
gramming language. Below the pseudo-code for a first naive version to compute Fibonacci
Numbers.
1 if n = 0 then
2 return 0;
3 else
4 if n = 1 then
5 return 1;
6 else
7 return Fib1(n-1)+Fib1(n-2);
8 end

9 end
Algorithm 1: Fib1(n)

Three essential questions are raised (Lebbah, 2021):

1. Is the algorithm correct1?

2. How much time does it take to terminate, depending on n?

3. Can it be improved?

1. Correctness: The answer to the first question is quite evident. The algorithm
is correct since it precisely implements the recursive definition of the Fibonacci
sequence.

2. Execution Time: The second question is intricate. Let T(n) be the number of steps
needed for the algorithm to compute Fn.

T (n) ≤ 2 for n ≤ 1

T (n) = T (n− 1) + T (n− 2) + 3 for n > 1
1An algorithm is correct if it performs as expected.
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Figure 1.1: The trace obtained when executing Fib1(n) algorithm.

� An approximate solution: T (n) ≈ 20.694n

� T(n) exhibits exponential growth
=⇒ What would be the required time for this calculation on a computer?

For example, let’s consider the calculation of F200. The computation of Fib1(n) ex-
ecutes approximately T (200) ≈ 2138 elementary steps. Let’s take a powerful computer
today, executing 40 trillion 40 × 1012 instructions per second. On this computer, we
would need 292 seconds! This means, waiting until the theoretical extinction of the sun!
According to Moore’s hypothesis which assumes that computers double their power every
18 months, then, we could arrive at the fact that: if we could reasonably calculate F100,
then with Moore’s hypothesis , we could probably calculate with the same power F101, ...
Meaning that we will gain a number each year. Thus, we are completely discouraged by
the harsh reality of exponential growth, which cannot be overcome by any current ma-
chine! Can we do better in terms of computation cost? And without relying on machine
improvements, which we have just seen are inadequate!

1.2.3 A Polynomial Version

The behavior of Fib1(n) (the trace) is shown in the Figure 1.1.

By analyzing this trace, we can observe that many calls are repeated. We can adopt the
trick of storing the already computed values. This leads to the use dynamic programming
strategy. This technique consists of storing the values of subproblems to avoid redundant
computations. There are two methods to effectively compute a solution: bottom-up
method and top-down method.

1. In the top-down method, we write a recursive algorithm, but we use memoization to
avoid solving the same problem multiple times. In other words, we store the results
of recursive calls in an array F[.]:

1 if F [n] ̸= null then return F [n] ;
2 if n = 0 or n == 1 then F [n] = n ;
3 else F [n] = Fib3(n− 1) + Fib3(n− 2) ;
4 return F [n] ;

Algorithm 2: Fib3(n)

12
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2. In the bottom-up method, we start by calculating solutions for the smallest sub-
problems, then, step by step, we compute solutions for larger problems and store
the results in an array F[.] (see Fib2).

1 if n = 0 or n == 1 then
2 return n;
3 end
4 Create an array F[0..n];
5 F [0]← 0;
6 F [1]← 1;
7 for i← 2 to n do
8 F [i]← F [i− 1] + F [i− 2] ;
9 end
10 return F [n];

Algorithm 3: Fib2(n)

� The algorithm is obviously correct since, once again, it follows the recurrent defini-
tion of Fibonacci.

� How much does this algorithm require to compute Fn as a function of n? The loop
in the algorithm requires n - 1 calculation steps. Therefore, the execution time of
this algorithm is linear in n.

� It is now possible to compute F200000 with little effort2

1.3 Algorithm: Correctness and Complexity

Algorithm Correctness An algorithm is correct if, for every input instance, it terminates
with the correct desired output. The loop invariant in an algorithm is a property that
holds true at:

1. Before starting the loop

2. After each iteration of the loop

3. At the end of the loop

To prove the invariant, we need to demonstrate (Cormen, Leiserson, Rivest, & Stein,
2022) :

INITIALIZATION Show that the loop invariant is true before the first loop iteration.

MAINTENANCE Show that if the loop invariant is true before a loop iteration, it re-
mains true before the next iteration. Maintenance is also referred to as Conservation.

TERMINATION Once the loop is finished, the invariant provides a useful property that
helps demonstrate the algorithm’s correctness.

Establishing this proof systematically provides the proof of the algorithm’s correctness.

2Designing a good algorithm can lead to exponential savings!
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Figure 1.2: Illustration of how the Insertion Sort algorithm works.

1.3.1 Insertion Sort

Sorting Problem Definition To illustrate our approach, we address a frequently encoun-
tered practical problem: sorting a sequence of numbers in ascending order. Below, we
present a formal definition of this problem.

Input A sequence of n numbers ⟨a1, a2, ..., an⟩

Output A permutation ⟨a′1, a′2, ..., a′n⟩ of the input sequence such that a′1 ≤ a′2 ≤ ... ≤ a′n

Given an input sequence such as ⟨5, 90, 45, 89⟩, a sorting algorithm will produce an output
of ⟨5, 45, 89, 90⟩. Such an input sequence is referred to as an instance of the problem.

Insertion Sort: Algorithm A first solution to the sorting problem: Insertion Sort (see
Algorithm 4).

Data: A sequence of n numbers A = ⟨a1, a2, ..., an⟩
Result: A permutation ⟨a′1, a′2, ..., a′n⟩ of the input sequence such that

a′1 ≤ a′2 ≤ ... ≤ a′n
1 for j ← 2 to length(A) do
2 pivot← A[j] ;
3 {Insert A[j] into the sorted sequence A[1..j − 1]};
4 i← j − 1 ;
5 while (i > 0) ∧ (A[i] > pivot) do
6 A[i+ 1]← A[i] ;
7 i← i− 1 ;

8 end
9 A[i+ 1]← pivot ;

10 end
Algorithm 4: Insertion-Sort(A)

Insertion sort considers each element of the array and inserts it at the correct position
among the already sorted elements. Therefore, when considering an element, the ele-
ments preceding it are already sorted, while the elements following it are not yet sorted.
Figure 1.2 illustrates how the algorithm works.

Exercise 1 Prove the correctness of the Insertion Sort algorithm defined in Algorithm 4.

14
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Solution Loop Invariant of Insertion Sort: The subarray A[1..j-1] is sorted. We will
utilize this property (the invariant) to demonstrate the correctness of the Insertion Sort
algorithm.
Proof of correctness of Insertion Sort:

� INITIALIZATION: Before the first iteration of loop 1, the subarray A[1..j-1] con-
tains only one element (j=2). An array with a single element is inherently sorted
(trivial), hence our invariant ”the subarray A[1..j-1] is sorted” holds true.

� MAINTENANCE: Overall, what does loop 1 do? It moves the elements A[j-1], A[j-
2], A[j-3], etc. one position to the right until the correct position for A[j] is found.
After these right shifts are performed, the value A[j] is inserted at the right place.
During an iteration of loop 1, we transition from an unsorted array A[1..j] (subarray
A[1..j-1] is sorted, but element A[j] is not yet in the correct place, so A[1..j] is not
sorted yet) to a sorted array (shifting elements A[j-1], A[j-2], A[j-3], etc. to the right
and placing A[j] at the correct position). At the end of an iteration (just before
”j ← j+1”), A[1..j] is sorted, and right after ”j ← j+1”, the previously mentioned
array A[1..j] becomes the array A[1..j-1]. Thus, we can affirm that if the invariant
”the subarray A[1..j-1] is sorted” is true before an iteration of loop 1, it remains true
before the next iteration.

� TERMINATION: When the loop terminates, we must have j = n + 1 (for an
array of n elements). If we substitute n+1 with j in the loop invariant, we obtain
the subarray A[1..n]. When the loop ends, the statement ”the subarray A[1..j-
1] is sorted” becomes ”the subarray A[1..n] is sorted.” Now, the subarray A[1..n]
corresponds to the array composed of n elements. Hence, the original array is now
sorted, demonstrating the correctness of the algorithm.

1.3.2 Concept of input size

The time taken by the Insertion Sort procedure depends on the size of its input: sorting
a thousand numbers takes more time than sorting three numbers. The concept of input
size depends on the problem under study; sometimes it is more appropriate to describe
the input size with two numbers. For example, in a problem related to graphs, the input
size could be the number of vertices and the number of edges. For each problem studied,
we will specify the utilized measure of size. In the context of computational complexity,
the size of a problem refers to a quantitative mesure that indicates the amount of the
input required to define the problem.

1.3.3 Insertion Sort: Complexity

The execution time of an algorithm on a particular input is the number of elementary
operations executed. The execution time of the algorithm is the sum of the execution
times of each instruction executed (Lebbah, 2021). An instruction i that executes in time
ci and is executed n times contributes cin to the total.

Exercise 2 Compute the complexity of the Insertion Sort algorithm defined in Algo-
rithm 4.
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Solution To calculate T (n), the execution time of Insertion Sort, we sum the products
of costs by the number of occurrences. If the sequence is already ordered, we get:
T (n) = c1n + c2(n− 1) + c4(n− 1) + c5(n− 1) + c9(n− 1) = (c1 + c2 + c4 + c5 + c9)n +
(−c2 − c4 − c5 − c9)

We can express this final formula in the form an+ b, where a and b are constants. We
say the algorithm is in O(n). We have calculated the cost of the Insertion Sort algorithm
in the best-case scenario.

If the sequence is in reverse order, we are in the worst-case scenario:
T (n) = c1n+c2(n−1)+c4(n−1)+c5

∑n
j=2 tj+c6

∑n
j=2(tj−1)+c7

∑n
j=2(tj−1)+c9(n−1)

where tj is the number of iterations of the second loop at iteration j of the first loop.
We need to compare each element A[j] with each element of the sorted subarray

A[1..j − 1], so tj = j for j = 2, 3, ..., n.
A sequence (Un) is called arithmetic if, for every natural number n, we have: Un+1 =

Un+r, where r is the common difference of this sequence. Given that:
∑n

j=2 j =
n(n+1)

2
−1

and
∑n

j=2(j − 1) = n(n−1)
2

We get:
T (n) = c1n+ c2(n− 1) + c4(n− 1) + c5(

n(n+1)
2
− 1) + c6(

n(n−1)
2

) + c7(
n(n−1)

2
) + c9(n− 1)

T (n) = ( c5
2
+ c6

2
+ c7

2
)n2 + (c1 + c2 + c4 +

c5
2
− c6

2
− c7

2
+ c9)n+ (−c2 − c4 − c5 − c9)

This final cost is of the form an2 + bn + c where a, b, and c are constants. We say
the algorithm is in O(n2). We have calculated the cost of the Insertion Sort algorithm in
the worst-case scenario, which is the longest execution time for any input of size n. This
is the most commonly used cost measure in practice. In the following, we will explore
several methods for calculating this cost.

1.4 Notion of Algorithm Complexity

Studying the complexity of an algorithm3 involves predicting the necessary resources
(memory, computation time) for the program that implements that algorithm. Some-
times, the relevant resources are:

� used memory (spatial complexity);

� but in most cases, we want to measure computation time (time complexity).

Time Complexity quantifies the time required for an algorithm to execute based on
the length of the input.

Space Complexity quantifies the amount of memory space taken by an algorithm to
execute based on the length of the input.

In this course, we emphasize time complexity, and it’s this notion that we will delve
into. We will use a model of computation called a Random Access Machine (RAM)
with a single processor (Cormen et al., 2022). In this model, instructions are executed
sequentially without simultaneous operations.

Consider a given problem and an algorithm to solve it. For input data x of size n,
the algorithm requires a certain amount of time, measured in the number of elementary
operations, denoted as c(x).

Elementary operations include common arithmetic operations, data transfers, data
comparisons, etc. It is useful to consider as truly elementary only those operations with
constant computation time, i.e., independent of operand size. For example:

3Algorithm Analysis ⇐⇒ Study of Algorithm Complexity

16



Course Support Complexity and Problem Solving

� Addition of bounded-size integers (e.g., int in C) is an elementary operation.

� Addition of arbitrary-size integers is not elementary.

� Similarly, testing membership of an element in a set is not an elementary operation
in this sense, as its execution time depends on the set size, even if some programming
languages have basic instructions to perform this operation.

The time cost obviously varies with the data size, but it can also vary among different
data of the same size n.

For example: Let’s consider the bubble sort algorithm, which takes a sequence ⟨a1, ..., an⟩
of distinct real numbers to be sorted in ascending order. It searches for the first descent,
i.e., the smallest index i such that ai > ai+1, swaps these two elements, and repeats the
process on the resulting sequence.

Bubble sort is a sorting algorithm that repeatedly steps through the list, compares
adjacent elements, and swaps them if they are in the wrong order.

The number of inversions performed:

� 0 for a sorted sequence.

�
n(n−1)

2
for a decreasing sequence4.

Our goal is to evaluate the cost of an algorithm according to certain criteria, and based
on the data size n.

1.4.1 Fundamental Operations

For certain problems, we can identify one or more operations that are fundamental
(the most important elementary operations) in the sense that the execution time of
an algorithm solving this problem is always proportional to the number of these oper-
ations (Cormen et al., 2022). It is then possible to compare algorithms dealing with this
problem using this simplified measure.

Examples:

Problem Fundamental Operations
Searching for an element in a
list

Comparison between this el-
ement and entries in the list

Sorting a list of elements Comparison between ele-
ments and element rear-
rangement

Multiplying two matrices of
numbers

Multiplication and addition
of two numbers

Primality testing of a given
integer n

Division

If a very precise microanalysis of program execution time is desired, one can decide
that all elementary operations of the program are fundamental.

4
∑n

i=1(i− 1) = n(n−1)
2
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1.4.2 Rules for Counting the Number of Fundamental Operations

After identifying the fundamental operations, the next step is to count the number of
operations of each type. There is no complete system of rules for counting the number of
operations based on the syntax of algorithms, but some observations can be made.

Sequence When operations are in a sequence of instructions, their numbers are added
together.

Example for the Complexity of a sequence of instructions:Let’s take the following
sequence of instructions:
S = Begin

i1; i2; ...; in
End

Therefore, Nb(S) =
∑n

p=1Nb(ip)
Nb(ik) refers to the number of fundamental operations contained in algorithmic
instruction ik.

If-Then-Else For conditional branches, it is generally difficult to determine which branch
of the condition is executed, and therefore which operations to count. However, the
number of operations can be upper-bounded.

Example for the Complexity of a conditional statement: Let’s take the following
program portion:
Cond = if Expr then E1 else E2
Therefore, Nb(Cond) ≤ Nb(Expr) + max(Nb(E1), Nb(E2))

Loops For loops, the number of operations in the loop is
∑

P (i), where i is the loop
control variable, and P (i) is the number of fundamental operations during the exe-
cution of the ith iteration. If the number of iterations is difficult to calculate, one
can use a good upper bound.

Example for the Complexity of Loops: Let’s consider the program segment below:

Iter = Iteration Expr(i)
S

endIteration

Therefore: Nb(Iter) = [Nb(S) + Nb(Expr(i))] × Nb Iterations
So, for the case of a For loop:
Iter = For I := a to b do

Begin
i1 ; i2 ; ... ; in

End;

Nb(Iter) = (|b− a|+ 1)× (
∑n

p=1Nb(ip) + 1)
The complexity of the continuation condition I ≤ b (Expr(i)) is: 1.

Procedure Calls For non-recursive procedure and function calls, we can calculate the
complexity of these calls and take them into account based on their nesting in the
algorithm.

Recursive Calls For recursive procedure and function calls, counting the number of fun-
damental operations generally leads to solving recurrence relations. Indeed, the
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number T (n) of operations in a procedure call with an argument of size n is ex-
pressed, based on recursion, in terms of various T (k) for k < n. The example of
Fibonacci given in the introductory chapter illustrates this case. Example for the
Complexity of Subroutine Calls:

1. Without recursion:
Example:
Subroutine A:
I1 ; I2 ; Call of B; I3 ;

Nb(A) = Nb(I1) +Nb(I2) +Nb(B) +Nb(I3)

2. In case of recursion, calculating Nb(A) leads to the resolution of a recurrence
relation.
Example:
Function fact(n:integer):integer
Begin
If (n=0) then fact ← 1 else fact ← n × fact(n-1) ;
End;

The number T (n) of fundamental operations (×) satisfies:
T (0) = 0 and T (n) = T (n− 1) + 1 for n ≥ 1
By direct resolution, we obtain: T (n) = n

1.4.3 Data Size

It is evident that the calculation of an algorithm’s cost depends on the data it operates
on.

First, it is necessary to define a measure of size for the data that reflects the amount
of contained information. Example When adding or multiplying integers, a meaningful
measure is the number of digits in the numbers.

For certain algorithms, the execution time depends not only on the size of the data, but
most of the time, the complexity also varies for fixed data size based on the specific data.
Thus, the number of operations will vary according to the nature of the data, leading to
the use of complexities in the worst-case, best-case, and average scenarios.

Example Let’s consider a problem P (n) with data size n. Let x be an instance of
problem P . For example, let P (n) be the problem of arranging a list of length n in
ascending order. An instance x could be sorting the array ⟨5, 7, 12, 6, 8⟩ where n = 5.
Another instance could be ⟨154, 45, 89, 12, 1547, 4⟩, ...

The problem is formally defined for a unique understanding, while its number of in-
stances is generally infinite.

The challenge in computing complexity is to reason about this infinity of instances
by establishing a function c(n) that characterizes the number of operations based on the
variable n, representing the data size.

1.4.4 Types of Analysis (Best and Worst Cases)

Best-Case Complexity
The cost MinA(n) of an algorithm A in the best-case scenario for a problem P (n) is
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defined as:
MinA(n) = min

|x|=n
c(x)5

Worst-Case Complexity
The cost MaxA(n) of an algorithm A solving problem P (n) in the most unfavorable or
worst-case scenario is defined as the maximum cost over all data of size n:

MaxA(n) = max
|x|=n

c(x)

Average-Case Complexity In situations where the worst-case scenario is expected to be
rare, we are more interested in the average cost of the algorithm. A correct formulation
of this average cost6 assumes that a probability distribution over data of size n is known.
If p(x) is the probability of data x, the average cost AvgA(n) of an algorithm A solving
problem P (n) on data of size n is defined as (Gaudel, Soria, & Froidevaux, 1987; Zampieri,
Riviere, & Amerein-Soltner, 2018):

AvgA(n) =
∑
|x|=n

p(x)c(x)

In most cases, a uniform distribution is assumed, meaning p(x) = 1
|Dn|

7. In this case, the
expression for average cost becomes:

AvgA(n) =
1

|Dn|
∑
|x|=n

c(x)

Uniform distribution means that all configurations of data with a fixed size n are
equally probable.

Average-case complexity and extreme complexities are related by the inequality:

MinA(n) ≤ AvgA(n) ≤MaxA(n)

If the algorithm’s behavior depends solely on the data size (as in the example of matrix
multiplication), then these three quantities coincide. However, in general, this is not the
case, and we don’t even know if the average cost is closer to the minimal or maximal cost.

1.5 Recursion and Divide and Conquer Approach

1.5.1 Divide and Conquer approach description

Many useful algorithms follow a recursive structure: to solve a given problem, they call
themselves recursively one or more times on smaller, very similar subproblems. These
algorithms embrace the ”divide and conquer” approach: they break the problem into mul-
tiple subproblems similar to the original problem but smaller in size, solve the subproblems
recursively, and then combine these solutions to recover a solution to the original prob-
lem. This problem-solving paradigm involves three steps at each level of recursion (see
Algorithm 6) (Gaudel et al., 1987; Lebbah, 2021):

5The execution cost of the algorithm on data x
6Average-case complexity is much harder to determine than worst-case complexity, partly because the

analysis becomes mathematically challenging and also because it is not always easy to establish a suitable
probability model for the problem.

7Dn is the set of data of size n
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Divide the problem into a number of subproblems

Conquer the subproblems by solving them recursively. Moreover, if the size of a subprob-
lem is small enough, it can be solved directly.

Combine the solutions to the subproblems into a complete solution for the original prob-
lem.

1 if Small(P ) then Solution(P ) ;
2 else
3 Divide P into P1, P2, ..., Pk ;
4 D&C Recursive(P1) ; D&C Recursive(P2) ; ... ; D&C Recursive(Pk) ;
5 Combine(D&C Recursive(P1), D&C Recursive(P2), ..., D&C Recursive(Pk)) ;

6 end
Algorithm 5: D&C Recursive(P )

Exercise 3 The merge sort algorithm closely follows the ”divide and conquer” rule:

Divide Divide the array T [1, ..n] to be sorted into two subarrays T [1, ..n/2] and T [n/2 +
1, ..n]

Conquer Sort the two subarrays T [1, ..n/2] and T [n/2+1, ..n] (recursively, or do nothing
if they have size 1)

Combine Merge the two sorted subarrays T [1, ..n/2] and T [n/2 + 1, ..n]

Write the Merge Sort algorithm in pseudocode and provide the execution trace when
applying the algorithm to the vector [70, 50, 30, 10, 20, 40].

Solution The algorithm is :

Data: A sequence of n numbers A = ⟨a1, a2, ..., an⟩
Result: A permutation ⟨a′1, a′2, ..., a′n⟩ of the input sequence such that

a′1 ≤ a′2 ≤ ... ≤ a′n
1 if p < r then
2 q ← ⌊(p+ r)/2⌋;
3 MergeSort(A, p, q);
4 MergeSort(A, q + 1, r);
5 Merge(A, p, q, r);

6 end
Algorithm 6: MergeSort(A, p, r)

21



Course Support Complexity and Problem Solving

Figure 1.3: Execution of the Merge Sort algorithm – illustration.

1 Tmp: temporary array of size end− start+ 1 ;
2 i← 1 ; i1 ← start ; i2 ← middle+ 1 ;
3 while (i1 ≤ middle) ∧ (i2 ≤ end) do
4 if (Tab[i1] ≤ Tab[i2]) then
5 Tmp[i]← Tab[i1] ; i1 ← i1 + 1 ;
6 else
7 Tmp[i]← Tab[i2] ; i2 ← i2 + 1 ;
8 end
9 i← i+ 1 ;

10 end
11 while (i1 ≤ middle) do Tmp[i]← Tab[i1] ; i1 ← i1 + 1 ; i← i+ 1;
12 while (i2 ≤ end) do Tmp[i]← Tab[i2] ; i2 ← i2 + 1 ; i← i+ 1;
13 for i← start to end do Tab[i]← Tmp[i− start+ 1];

Algorithm 7: Merge(Tab, start,middle, end)

Illustration of Merge Sort (see Figure 1.3) (Lebbah, 2021):

1.5.2 Complexity of Recursive Algorithms

When an algorithm contains a recursive call to itself, its execution time can often be
described by a recurrence equation. This equation describes the overall execution time
for a problem of size n in terms of the execution time for smaller-sized inputs. We
can use mathematical tools to solve the recurrence and find bounds for the algorithm’s
performance.

1.5.3 Computing the Complexity of a Divide and Conquer Algorithm

� Let T (n) be the execution time of a problem of size n.

� If the problem size is sufficiently small, say n ≤ c for some constant c, the solution
takes constant time, denoted as Θ(1).

� Suppose we divide the problem into a subproblems, each of size 1/b of the initial
problem size.

22



Course Support Complexity and Problem Solving

� If it takes time D(n) to divide the problem into subproblems and time C(n) to
combine the solutions to the subproblems into the final solution, we obtain the
recurrence:

T (n) =

{
Θ(1) if n ≤ c

aT (n/b) +D(n) + C(n) otherwise

Exercise 4 Compute the complexity of the Merge Sort algorithm, assuming that the size
of the input vector is a power of 2.

Solution

� We assume that the size of the initial problem is a power of two8.

� Each ”divide” step then generates two sub-sequences of exactly size n/2. We will see
later that this assumption does not affect the order of magnitude of the recurrence
solution.

� Merge sort on a single element takes constant time.

� With n > 1 elements, we segment the execution time as follows:

Divide It only involves computing the middle of the subsequence, which takes con-
stant time, D(n) = Θ(1).

Conquer We recursively solve two subproblems, resulting in 2T (n/2).

Combine It can be shown that the merging procedure on a subproblem of size n is
of the form C(n) = an + b, where a and b are constants. We will denote this
as C(n) = Θ(n).

Therefore, we have:

T (n) =

{
Θ(1) if n ≤ 1

2T (n/2) + Θ(n) if n > 1

We will prove later that T (n) is of the form an log(n) + bn + c, where a, b, and c are
constants. We denote this form as Θ(n log(n)).

Note: This cost is significantly lower than that of insertion sort, as ∃n0, ∀n, n >
n0, n

2 > n log(n).

1.5.4 Fast Exponentiation

The goal in fast exponentiation problem is to compute xn for given values of x and n,
by calculating the complexity with respect to n. The naive method using the definition
below results in linear complexity (Lebbah, 2021) :

xn =

{
1 if n = 0

xn−1 × x n > 0

8Our recurrence-based analysis is simplified if we assume that the size of the initial problem is a power
of two.
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By using the following observations, we can improve further the complexity:

xn =


1 if n = 0

(x2)n/2 if n is even

x(x2)(n−1)/2 if n is odd

The first recursive definition of the power function x3 = x2 × x = (x1 × x) × x =
([x0×x]×x)×x (this definition requires 3 multiplications to compute x3). The recursive
definition of multiplication count for power function:

T (n) =

{
0 if n = 0

T (n− 1) + 1 n > 0

Second definition

� If n is even, xn is equivalent to computing the power of x2 to n/2.

� If n is odd, xn is equivalent to multiplying x by the power of x2 to (n− 1)/2

T ′(n) =


0 if n = 0

T ′(n
2
) + 1 if n is even

T ′(n− 1) + 1 if n is odd

This definition speeds up the process towards the base case.

Exercise 5 Provide the algorithm in pseudocode for fast exponentiation.
Determine its complexity in terms of the number of multiplications required to compute
x100.
Then, deduce its general complexity as a function of an arbitrary exponent n.

Solution The algorithm for fast exponentiation is written below (see Algorithm 8):

1 if (n = 0) then
2 return 1;
3 else
4 if n is even then
5 return FastExp(x× x, n/2);
6 else
7 return x× FastExp(x× x, (n− 1)/2);
8 end

9 end
Algorithm 8: FastExp(x,n)

T’(100) = 1 + T’(50)
1 + T’(25)

1 + T’(24)
1 + T’(12)

1 + T’(6)
1 + T’(3)

1 + T’(2)
1 + T’(1)

1 + T’(0)
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The complexity of x100 is equal to 9. There is a significant improvement from the
linear complexity (100 multiplications) to the complexity of this second definition, which
requires only 9 multiplications to compute x100.

Hence, the complexity of fast exponentiation is O(log n).

1.6 Asymptotic Analysis and Function Magnitudes

We have determined the complexity of an algorithm as a function of the size of the
data. It is crucial to understand now the rate of growth of this function as the data size
increases (Cormen et al., 2022; Lebbah, 2021). For solving a small-sized problem, the
chosen method matters less. However, for a large-sized problem, performance differences
between algorithms can be substantial. In most cases, a simple approximation of the
complexity function is sufficient to determine whether an algorithm is usable or not, or
to compare different algorithms.

Example For a large n, it is generally of secondary importance whether an algorithm
performs n+ 1 or n+ 2 operations.

Sometimes, multiplicative constants are also of little importance: Let’s consider com-
paring algorithm A1 with complexity M1(n) = n2 and algorithm A2 with complexity
M2(n) = 2n. A2 is better than A1 for almost all n (n > 2). Similarly, if M1(n) = 3n2 and
M2(n) = 25n, A2 is better than A1 for n > 8.

Neglecting a term in an addition: Regardless of the multiplicative constants k1 and
k2 such that M1(n) = k1n

2 and M2(n) = k2n, algorithm A2 is always better than A1 for
some value of n, as the function f(n) = n2 grows much faster than the function g(n) = n.
Indeed:

lim
n→∞

g(n)

f(n)
= 0

We say that the asymptotic order of magnitude of f(n) is strictly larger than that of g(n).
In this case, we can write that f(n) is of the same order as f(n) + g(n).

Neglecting a Constant: On the other hand, regardless of the multiplicative constants
k1 and k2 such that M1(n) = k1f(n) and M2(n) = k2f(n), algorithm A2 is always of the
same order as A1. In fact:

lim
n→∞

k1f(n)

k2f(n)
=

k1
k2

In this case, we can state that M1(n) is of the same order as M2(n).
The asymptotic orders of magnitude of the functions 1, log2(n), n log2(n), n

2, n3, 2n

strictly increase; these functions form a scale of comparison9 (see Figure 1.4) (Cormen et
al., 2022; Aho & Hopcroft, 1974).

To analyze the complexity MA(n) of an algorithm A, we aim to determine the asymp-
totic order of magnitude of MA(n). We search within a comparison scale, which may be
more comprehensive than that formed by the functions in the Figure 1.4, for a function
that has a similar growth rate to MA(n).

Suppose we need to compare two algorithms A1 and A2 with complexities MA1(n)
and MA2(n). If the order of magnitude of MA1(n) is strictly greater than the order of
magnitude of MA2(n), then we can immediately conclude that A2 is better than A1 for
large n. However, if MA1(n) and MA2(n) have the same asymptotic order of magnitude,
a more detailed analysis is required to compare A1 and A2.

9A scale of comparison is a set of reference functions ordered by asymptotic order of magnitude.
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Figure 1.4: Growth of Certain Common Functions

1.7 Landau Notations

To compare the asymptotic order of magnitude of complexity functions, we commonly
use the following notion (Knuth, 1997):

Définition. Given two functions f and g from N to R+,

f = O(g)⇔ ∃c ∈ R+∗, ∃n0 ∈ N such that ∀n > n0, f(n) ≤ c.g(n)

It is also said that:
f = Ω(g)⇔ g = O(f)

Interpretation of the mathematical definition: computing the exact number of oper-
ations f(n) is in general out of reach for various reasons. This difficulty is overcome by
finding a function g that bounds and dominates the number of operations.

f = O(g) means that f(n) is bounded above by g(n) with a positive constant factor
for sufficiently large n.

f = Ω(g) means that f(n) is bounded below by g(n) with a positive constant factor
for sufficiently large n.

Thus, f = O(g) means that the asymptotic order of magnitude of f is less than or
equal to that of g. We say that f is asymptotically dominated by g. For example:
2n = O(n2), and also 2n = O(n).

This notion provides an upper bound on the asymptotic order of magnitude of f .
Bounding the complexity’s magnitude is not always sufficient to compare the perfor-

mance of different algorithms with the same magnitude, as one needs to know the exact
orders of magnitudes, not just upper bounds. When we say that the complexity MA(n)
of an algorithm A is in h(n), we mean that its asymptotic order of magnitude is precisely
h(n)10.

This notion is formalized as follows (Knuth, 1997):

Définition. Given two functions f and g from N to R+,

f = Θ(g)⇔ ∃c, d ∈ R+∗, ∃n0 ∈ N such that ∀n > n0, d.g(n) ≤ f(n) ≤ c.g(n)

Or equivalently,
f = Θ(g)⇔ f = O(g) and g = O(f)

10h(n) is the smallest upper bound
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f = Θ(g) means that the ratio f(n)
g(n)

is bounded between two positive constants for
sufficiently large n.

If f = Θ(g), we say that f and g have the same asymptotic order of magnitude. The
Θ notation is more precise than the O notation. For example: 2n = Θ(n), but 2n is not
in Θ(n2).

However, in most algorithmic works, analysis results are presented in the form of
O(f(n)), even though a precise count of fundamental operations often leads to the con-
clusion that the complexity is exactly Θ(f(n)). For example: It is commonly stated that
heapsort is in O(n log(n)), but in fact, it is in Θ(n log(n)).

To sum up:
f = O(g), if there exists a strictly positive constant c and an integer n0 such that: n > n0,
f(n) ≤ c.g(n), see the first plot in the Figure 1.5.

f = Ω(g), if there exists a strictly positive constant c and an integer n0 such that:
n > n0, f(n) ≥ c.g(n), see the third plot in the Figure 1.5.

f = Θ(g), if there exist two strictly positive constants c and d and an integer n0 such
that: n > n0 , d.g(n) ≤ f(n) ≤ c.g(n), see the second plot in the Figure 1.5.

Figure 1.5 provides an illustration of these Landau notations.

1.8 Execution Time and Data Size

The notion of order of magnitude of the complexity of algorithms has significant practical
importance. Let’s consider a scenario where we have seven algorithms to solve a given
problem, and their worst-case complexities have the following order of magnitude: 1
(constant function, independent of data size), log2(n) (logarithmic function base 2), n
(linear function), nlog2(n) (quasi-linear function), n2 (polynomial function of degree 2),
n3 (polynomial function of degree 3), and 2n (exponential function).

The table in Figure 1.6 (Cohen, n.d.; Lebbah, 2021) provides an estimate of the
execution time for each algorithm for different data sizes n of the problem on a computer
capable of performing 106 operations per second.

It clearly demonstrates that as the size of the data increases, the differences between
the various execution times become more pronounced.

This table in Figure 1.7 (Lebbah, 2021) provides an estimate of the maximum data
size that can be processed by each of the algorithms within a fixed execution time (and
still on a computer performing 106 operations per second).

According to these two tables, it is evident that certain algorithms are usable for
solving problems on computers, while others are not or are less practical.

Algorithms that are usable for large data sizes are those that execute in the following
time complexities:

Constant Example: Accessing the k-th element of an array

Logarithmic Example: Binary search, or in binary search trees

Linear Example: Sequential search

Quasi-Linear (n.log(n)) Example: Efficient sorting algorithms

� Algorithms that take polynomial time, i.e., Θ(nk) with k > 0, are truly usable only
for k < 2.
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Figure 1.5: Plots illustrating Landau notations.

1µs (microseconds) = 10−6s
1ms (milliseconds) = 10−3s

Figure 1.6: Estimated execution time of various algorithms for different input sizes n,
assuming a machine capable of 106 operations per second.
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Figure 1.7: Estimated maximum input size n that each algorithm can handle within a
fixed execution time, on a machine capable of 106 operations per second.

Figure 1.8: Relationship between input size and execution time across different algorithms.

� When 2 ≤ k ≤ 3, they are only suitable for medium-sized problems, and when k
exceeds 3, they can handle only small problems.

� Algorithms with exponential time complexity, like Θ(2n) for instance, are almost
unusable, except for very small-sized problems. Such algorithms have been labeled
as inefficient.

The table in Figure 1.8 (Lebbah, 2021) below shows how data size and execution time
vary in relation to each other.

If the computer’s processing speed is increased by a factor of 10. The maximum data
size that can be processed by an exponential algorithm is hardly affected. While the data
size that can be processed by a linear algorithm is clearly multiplied by 10.

1.9 Optimality of an Algorithm

Suppose we have an algorithm A to solve a given problem. It is natural to wonder if we
can find an even better algorithm than A. Hence, it is interesting to know the complexity
of the best possible algorithm for solving a problem. Consider a problem P , and let’s look
at the class C of all algorithms solving P . We also have a complexity measure, which is
the number of fundamental operations (evaluated either in the worst case or on average).

We define the optimal complexity of class C as the lower bound of complexities among
the algorithms in the class (Aho & Hopcroft, 1974; Cormen et al., 2022). An algorithm
A in class C is called optimal if its complexity is equal to the optimal complexity of
C, denoted as Mopt(n). Therefore, an algorithm A in class C is optimal if there is no
algorithm B in C that solves problem P with fewer operations than A.

Sometimes, we cannot precisely determine Mopt(n), but we can know the order of
magnitude of the optimal complexity of the class. In this case, an algorithm A in class C
is considered optimal if its complexity is of lower or equal order of magnitude compared
to the complexity of any algorithm in class C:

∀B ∈ C,MA = O(MB)
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The order of magnitude of Mopt(n) is then Θ(MA)

It is clear that in this situation, multiple algorithms with the same order of complexity
can be optimal.

Example. Consider the problem of finding the largest element in a list. An algorithm
for solving this problem is formalized in Algorithm 6.

Data: L: a non-empty list with n integer elements
Result: Finds the largest element M in the non-empty list L

1 M ← L[1] ;
2 for i← 2 to n do
3 if L[j] > M then
4 M ← L[j] ;
5 end

6 end
Algorithm 9: FindMax(L)

It can be observed that the number of comparisons is equal to the number of iterations
in the for loop (minus one). Regardless of the evaluation measure considered (MinA(n),
AvgA(n), orMaxA(n)), the complexity remains the same (A refers to FindMax algorithm):
MinA(n) = AvgA(n) = MaxA(n) = n− 1.

Now, we might wonder if this number n − 1 can be improved? (Gaudel et al., 1987)
In fact, it can be proven that this algorithm is optimal.

1.10 Recurrence Equations and Solving Techniques

When analyzing a recursive algorithm, we typically obtain a complexity function that
is itself recursive. It frequently happens that, in order to analyze the complexity of an
algorithm, we need to solve a recurrence. The goal of this final part of the chapter is to
study methods for solving recurrence equations.

1.10.1 Recurrence Relations for Quick Sort and Merge Sort Algorithms Complexity

QuickSort Algorithm To sort a table using the QuickSort algorithm (see Algorithm 10),
we need to (Cormen et al., 2022):

� Perform quick sort on the elements of array A from index lo to index hi.

� Choose a pivot, places it at position hi, and calls the partition function.

� Recursively call itself on the left and right partitions.

1 function QuickSort(A,lo,hi):
2 if lo < hi then
3 p← choose the pivot element ;
4 swap A[hi] and A[p] ;
5 i← Partition(A,lo,hi) ;
6 QuickSort(A,lo,i− 1) ;
7 QuickSort(A,i+ 1,hi) ;

8 end
Algorithm 10: The QuickSort Algorithm.
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The function Partition(A,lo,hi) partitions the elements of array A from index lo to
index hi using A[hi] as the pivot. It returns the position of the pivot in the partitioned
array.

Average number of comparisons in QuickSort The recurrence equation CN for the
average number of comparisons in QuickSort, where N is the table size, is:

C0 = 0

C1 = 0

CN = N + 1 +
∑N

k=1
1
N
(Ck−1 + CN−k) for N > 1

This recurrence equation is derived from the following detailed form:
C0 = 0

C1 = 0

CN = N + 1 + C0+CN−1

N
+ C1+CN−2

N
+ ...+ CN−1+C0

N
for N > 1

Where: The partition requires N + 1 comparisons.

� If the pivot is in the first position, the left call will receive an array of 0 elements,
and the right call an array of N − 1 elements.

� If it’s in the second position, the left call will receive an array of 1 element, and the
right call an array of N − 2 elements.

� ... etc.

It is necessary to consider the probability of each pivot position occurring (the probability
of all pivot positions). We assume a uniform distribution (p(x) = 1

N
).

QuickSort Complexity (Cormen et al., 2022)
Best case: O(n log n) (pivot chosen partitions the array into two equal parts).
Worst case: O(n2) (pivot partitions the array with one empty side and the other side
with n−1 elements). Occurs when the smallest or largest element is always chosen as the
pivot (e.g., sorted arrays).
Average Complexity: The average number of comparisons CN to quickly sort an array of
N distinct elements is in O(2n lnn)

Number of comparisons in the worst case for the Merge Sort algorithm The recur-
rence equation T (N) for the worst-case time complexity of Merge Sort, where N is the
size of the input array, is:{

C1 = 0

CN = C⌈N
2
⌉ + C⌊N

2
⌋ +N for N > 1

1.10.2 Recurrence Relation for Computing Fibonacci Numbers

The naive version (first version) of the algorithm that computes Fibonacci numbers is
shown in Algorithm 11.
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1 if n = 0 then
2 return 0;
3 else
4 if i = 1 then
5 return 1;
6 else
7 return FIB1(n-1)+FIB1(n-2);
8 end

9 end
Algorithm 11: FIB1(n)

The number of additions performed by the FIB1 algorithm for an input of size N is
given by the following recurrence equation:

F0 = 0

F1 = 0

FN = FN−1 + FN−2 + 1 for N > 1

1.10.3 Recurrence Relation for Computing the Number of Moves in the Tower of
Hanoi

Goal: Move the entire tower from the first peg to one of the other two pegs.
Constraints:

� Only one disk can be moved at a time.

� A disk can only be placed on a disk with a larger diameter.

The number of disk movements for a tower of N disks from one peg to another satisfies
the following recurrence relation (Knuth, 1997):{

T1 = 1

TN = 2TN−1 + 1 for N > 1

1.10.4 Solving Techniques for Recurrence Equations

Once the recurrence equation is established, the next step is to derive its analytical or
asymptotic solution in order to determine the algorithm’s complexity. Several approaches
can be used for this purpose:

� Guess-and-verify.

� Plug-and-chug (telescoping).

� Recursion trees.

� Characteristic equations (linear).

� Master theorem (general theorem).

� Change of variable.

32



Course Support Complexity and Problem Solving

Guess-and-Verify Method

The principle applied in this method is to (Cormen et al., 2022; Knuth, 1997):

1. Calculate the initial values of Tn;

2. Guess an analytical solution;

3. Prove its correctness, for example, by induction

Example application
Tn = 2Tn−1 + 1, which represents the recurrence relation for the Tower of Hanoi problem
in terms of the number of moves. To solve Tn, First, we calculate the initial values of Tn:

n 1 2 3 4 5 6 ...
Tn 1 3 7 15 31 63 ...

Second, we guess Tn = 2n − 1.
Third, We must prove (by induction) that the solution is correct:

Théorème. Tn = 2n − 1 satisfies the recurrence:{
T1 = 1

TN = 2TN−1 + 1 for N > 1

Proof. By induction on n. Let P (n) = ”Tn = 2n − 1”
Base case: P (1) is true since T1 = 1 = 21 − 1
Inductive case: We will show that Tn = 2n−1 (for n ≥ 2) is true whenever Tn−1 = 2n−1−1
is true:

Tn =2Tn−1 + 1

=2(2n−1 − 1) + 1

=2n − 1

”Plug-and-Chug”Method (Brute Force)

The plug-and-chug method (also known as telescoping or method of summation factors) is
a simple technique for solving recurrence equations by repeatedly expanding the recurrence
to find a pattern (Cormen et al., 2022; Knuth, 1997).

We explain the application of this method for solving the recurrence equation for the
Tower of Hanoi complexity:

1. ”Plug” (apply the recurrence equation) and ”Chug” (simplify).

Tn =1 + 2Tn−1

=1 + 2(1 + 2Tn−2)

=1 + 2 + 4Tn−2

=1 + 2 + 4(1 + 2Tn−3)

=1 + 2 + 4 + 8Tn−3

=...

Note: Simplify moderately.
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2. Identify and Verify a ”Pattern”.

� Identification:
Tn = 1 + 2 + 4 + ...+ 2i−1 + 2iTn−i

� Verification by expanding one more step:

Tn =1 + 2 + 4 + ...+ 2i−1 + 2i(1 + 2Tn−(i+1))

=1 + 2 + 4 + ...+ 2i−1 + 2i + 2i+1Tn−(i+1)

3. Express the n-th term in terms of previous terms.
Note that the base case, T1 = 1, occurs when n − i = 1. That is, i = n − 1, which
gives:

Tn =1 + 2 + 4 + ...+ 2n−2 + 2n−1T1

=1 + 2 + 4 + ...+ 2n−2 + 2n−1

4. Find an analytical solution for the n-th term.

Tn =1 + 2 + 4 + ...+ 2n−2 + 2n−1

=
n−1∑
i=0

2i

=
1− 2n

1− 2

=2n − 1

”Plug-and-Chug”Method Applied to a Special Case of First-Order Linear Recurrence

Recurrences are classified based on the combination of terms, the nature of coefficients,
as well as the number and nature of the preceding terms involved.
Examples
First-order linear: an = nan−1 − 1
First-order nonlinear: an = 1/(1 + an−1)

Second-order linear: an = an−1 + 2an−2

Second-order nonlinear: an = an−12an−2 +
√
an − 2

Second-order with variable coefficients: an = nan−1 + (n− 1)an−2 + 1
Non-linear recurrences involve non-linear operations like multiplication, division, or

other functions that are not simple sums or differences of previous terms.
The plug-and-chug applied to a recurrence of the form (Geurts, 2013/2014):

Tn = Tn−1 + f(n)

directly yields:

Tn = T0 +
n∑

k=1

f(k) or Tn = T1 +
n∑

k=2

f(k)

If the coefficient of Tn−1 is not 1:

Tn = g(n)Tn−1 + f(n)
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dividing both sides by h(n) = g(n).g(n − 1).g(n − 2)...g(1) reduces it to a recurrence of
the form:

Tn

h(n)
=

Tn−1

h(n− 1)
+

f(n)

h(n)
⇒ Tn = h(n)

(
T0

h(0)
+

n∑
k=1

f(k)

h(k)

)
Useful if the product h(n) has a simple form.

Exercise 6 Solve the recurrence relation T0 = 0, and Tn = 2Tn−1 + 2n for n > 0, using
the ”Plug-and-Chug” method.

Solution By dividing both sides by h(n) = 2 · 2 · ... · 2 = 2n, we obtain:

Tn

2n
=

Tn−1

2n−1
+ 1⇒ Tn = 2n(0 +

n∑
k=1

1) = n× 2n

Exercise 7 Solve the recurrence relation T0 = 0 and Tn =
(
1 + 1

n

)
Tn−1 + 2 for n > 0,

using the ”Plug-and-Chug” method. This recurrence relation represents the average-case
complexity of the Quicksort algorithm.

The computations below illustrate the essence of this formula.
Average Complexity CN of QuickSort for sorting a table with size N :
CN = N + 1 +

∑N
k=1

1
N
(Ck−1 + CN−k) for N > 1

We bring this formula into the form: CN = g(n)CN−1 + f(n)
CN = N + 1 + 2

N
(C0 + C1 + ...+ CN−1)

N × CN = N2 +N + 2(C0 + C1 + ...+ CN−1)
(N − 1)× CN−1 = (N − 1)2 + (N − 1) + 2(C0 + C1 + ...+ CN−2)

N × CN − (N − 1)× CN−1 = 2N + 2CN−1

N × CN = 2N + 2CN−1 + (N − 1)× CN−1

= 2N + CN−1 +N × CN−1

CN = 2 + 1
N
CN−1 + CN−1

= (1 + 1
N
)CN−1 + 2

Solution By dividing both sides by:

h(n) =
n+ 1

n
× n

n− 1
× ...× 3

2
× 2

1
= n+ 1

we obtain:

Tn

n+ 1
=

Tn−1

n
+

2

n+ 1
=

n∑
k=1

2

k + 1
⇒Tn ≈ (n+ 1)2[ln(n+ 1) + γ − 1]

⇒Tn = O(n log n)

Where γ ≈ 0.577 is the Euler’s constant. The Euler-Mascheroni constant γ is defined as
follows:

γ = lim
n→∞

(
1 +

1

2
+

1

3
+

1

4
+ ...+

1

n
− lnn

)
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”Recursion Trees”Method

It is a graphical approach to guess an analytical solution (or an asymptotic bound) for
a recurrence. The solution must always be subsequently proven (typically by induc-
tion) (Cormen et al., 2022).

We illustrate the application of this method with the following recurrence:{
T (1) = a

T (n) = 3T (n
4
) + cn2 for n > 1

The recurusion trees obtained for T (n) are:

The total cost is the sum of the cost at each level of the tree:

T (n) =cn2 +
3

16
cn2 + ...+

(
3

16

)log4 n−1

cn2 + a3log4 n

=

log4 n−1∑
i=0

(
3

16

)i

cn2 + a3log4 n

<
∞∑
i=0

(
3

16

)i

cn2 + a3log4 n

≈ 1

1−
(

3
16

)cn2 + a3log4 n

=O(n2)
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Summary about the three previous methods

These methods (”Guess-and-verify”, ”Plug-and-Chug”, ”Recursion Trees”) are empirical
approaches to find an analytical solution. Empirical means that they are based solely on
experience, observation, not on theory or reasoning. The interest in these approaches is
general, but:

� It’s not always easy to find the pattern

� The obtained sum needs to be solved

� The solution must be verified by induction

We will explore more systematic methods to solve specific recurrences:

� Linear recurrences of order k ≥ 1 with constant coefficients (exact analytical solu-
tion)

� ”Divide-and-conquer” recurrences (asymptotic bounds only)

Method to solve linear recurrences of order k ≥ 1 with constant coefficients

Definition A uniform linear recurrence of degree k with constant coefficients is a recur-
rence of the form:

f(n) = a1f(n− 1) + a2f(n− 2) + ...+ akf(n− k)

where a1, a2, ..., ak ∈ R are constants, ak ̸= 0, and with k initial conditions:

f(0) = v0, f(1) = v1, ..., f(k − 1) = vk−1

Example The following recurrence f(n) = 8f(n − 2) − 16f(n − 4) is a uniform linear
recurrence with constant coefficients.

Definition A (general) non-uniform linear recurrence of degree k with constant coeffi-
cients is a recurrence of the form:

f(n) = a1f(n− 1) + a2f(n− 2) + ...+ akf(n− k) + g(n)

with k initial conditions:

f(0) = v0, f(1) = v1, ..., f(k − 1) = vk−1

where a1, a2, ..., ak ∈ R are constants, ak ̸= 0, and g(n) ̸= 0 is a function depending only
on n. The associated uniform recurrence relation (AURR) is:

f(n) = a1f(n− 1) + a2f(n− 2) + ...+ akf(n− k)

Example The non-uniform linear recurrence relation f(n) = 3f(n − 1) + 2n has an
associated AURR f(n) = 3f(n− 1).
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Solving method steps
Consider a recurrence of the form:

f(n) = a1f(n− 1) + a2f(n− 2) + ...+ akf(n− k) + g(n)

with k initial conditions: f(0) = v0, f(1) = v1, ..., f(k − 1) = vk−1

Step 1: Find the roots of the characteristic equation of the associated uniform recurrence
relation (AURR) (Geurts, 2013/2014). AURR refers to Associated uniform Recurrence
Relation.

rk − a1r
k−1 − a2r

k−2 − ...− ak−1r − ak = 0

Note: The term g(n) is not included in the characteristic equation

� Characteristic root: Solution r0 of the characteristic equation.

� Multiplicity m of a root r0:

rk − a1r
k−1 − a2r

k−2 − ...− ak−1r − ak = (r − r0)
mQ(r)

where r0 is not a root of Q(r).

Step 2: Find a uniform solution u(n), disregarding initial conditions (Geurts, 2013/2014).

� If the characteristic equation has t distinct roots r1, r2, ..., rt with multiplicities
m1, ...,mt respectively (mi ≥ 1 and m1 + m2 + + mt = k), then the solution
{u(n)} of the recurrence relation is of the form:

u(n) = p1(n)r
n
1 + p2(n)r

n
2 + ...+ pt(n)r

n
t

where pi(n) is a polynomial of degree mi − 1 in the variable n

Example: If the characteristic equation of a uniform linear recurrence has roots:

r1 with multiplicity 1, r2 with multiplicity 3, r3 with multiplicity 2

then the solution is of the form:

u(n) = α1r
n
1 + (α2 + α3n+ α4n

2)rn2 + (α5 + α6n)r
n
3

Step 3: Find a particular solution p(n), disregarding initial conditions (Geurts, 2013/2014).
In the case where g(n) = Q(n)sn, with Q(n) being a polynomial of degree t and s ∈ R,
then

1. if s is not a root of the characteristic equation of the AURR, then

p(n) = (β0 + β1n+ ...+ βt−1n
t−1 + βtn

t)sn

2. otherwise, if s is a root of the characteristic equation with multiplicity m of the
AURR, then

p(n) = nm(β0 + β1n+ ...+ βt−1n
t−1 + βtn

t)sn

Example: What is the form of the particular solution of the recurrence relation f(n) =
5f(n− 1)− 6f(n− 2) + g(n) if:

� g(n) = 7n ?
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� g(n) = 2n ?

� g(n) = n2(−1)n ?

� g(n) = (n− 1)3n ?

Solution: The AURR is f(n) = 5f(n − 1) − 6f(n − 2), the characteristic equation is
r2 − 5r + 6 = 0. Therefore, the characteristic roots are r1 = 2 and r2 = 3, both with a
multiplicity of 1.

1. p(n) = β07
n (Q(n) = 1; t = 0; s = 7 is not a root)

2. p(n) = nβ02
n (Q(n) = 1; t = 0; s = 2 is a root with multiplicity 1)

3. p(n) = (β0 + β1n+ β2n
2)(−1)n (Q(n) = n2; t = 2; s = −1 is not a root)

4. p(n) = n(β0 + β1n)3
n (Q(n) = n− 1; t = 1; s = 3 is a root with multiplicity 1)

When solving a non-uniform linear recurrence relation, the values of the coefficients in the
particular solution (the βi in the example above) do not depend on the initial conditions.
Their values can be directly determined from the recurrence relation. We then use the
fact that the particular solution is a solution of the initial recurrence relation.
Example: In example 1), the particular solution is of the form p(n) = β07

n. Thus, we
know that β07

n is a solution of the recurrence relation f(n) = 5f(n− 1)− 6f(n− 2)+7n.
By assigning a value to n, we obtain an equation in terms of β0. For instance, we can
choose n = 2:

p(n) =5p(n− 1)− 6p(n− 2) + 7n

p(2) =5p(1)− 6p(0) + 72

49β0 =5(7β0)− 6(β0) + 49

Thus, we find β0 =
49
20
. Consequently, we have p(n) = 7n+2

20
.

In this example, the particular solution is expressed in terms of a single unknown. Thus,
only one equation was needed to determine its value. In general, the particular solution
is expressed in terms of multiple unknowns; in that case, as many equations as unknowns
are required. To generate more equations, it’s enough to substitute different integer values
for n in the initial recurrence relation.
Step 4: Form a general solution, disregarding initial conditions (Geurts, 2013/2014).
To do that, just add the uniform solution and the particular solution: Any solution {s(n)}
of the recurrence relation:

f(n) = a1f(n− 1) + a2f(n− 2) + ...+ akf(n− k) + g(n)

is of the form:
s(n) = p(n) + u(n)

where {p(n)} is a particular solution and {u(n)} is a solution of the AURR.
Step 5: Determine the values of the constants introduced in Step 2 (Geurts, 2013/2014).

� For each initial condition, apply the general solution to that condition. This yields
an equation in terms of the constants to be determined.

� Solve the system of equations formed by these equations
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Exercise 8 Find the solution of f(n) = 4f(n−1)+3n, with the initial condition f(1) = 2.

Solution
Step 1: Find the roots of the characteristic equation of the associated uniform recurrence

relation (AURR)
We identify the AURR: f(n) = 4f(n− 1).
We determine the characteristic equation of the AURR: r − 4 = 0.
We calculate the roots of the characteristic polynomial of the AURR: r1 = 4.
Step 2: Find a uniform solution u(n), without considering initial conditions
We find the form of the solution of the AURR: u(n) = α14

n.
Step 3: Find a particular solution p(n), without considering initial conditions
Since g(n) = 3n = 3n(1)n, we have s = 1 (which is not a root) and t = 1 (the degree of
3n). The solution p(n) is therefore of the form:

p(n) = β0 + β1n

We determine the values of the coefficients β0 and β1: since p(n) is a particular solution,
it satisfies the recurrence relation, i.e., p(n) = 4p(n− 1) + 3n. Thus,

β0 + β1n =4(β0 + β1(n− 1)) + 3n

=(4β0 − 4β1) + (4β1 + 3)n

⇒

{
β0 = 4β0 − 4β1

β1 = 4β1 + 3

⇒
β0 = −

4

3
et β1 = −1

Step 4: Form a general solution s(n), without considering initial conditions.

s(n) = p(n) + u(n) = α14
n − 4

3
− n

Step 5: Determine the values of the constants introduced in step 2.
We determine the value of the coefficient α1. Since there is only one coefficient to find,
we need one equation:

s(1) = α1 · 4−
4

3
− 1 = 2 = f(1) =⇒ α1 =

13

12

The solution is:

s(n) =
(
13
12

)
4n − 4

3
− n

Master Theorem (General Theorem)

This theorem can be used to determine the time complexity of divide and conquer algo-
rithms if the recurrence is in the form specified in the theorem (Knuth, 1997; Cormen et
al., 2022).

Théorème. If the recurrence is of the following form:

T (n) = aT
(n
b

)
+ f(n)

where n: the size of the problem, a ≥ 1, b > 1, and f(n) = Θ(nk logp n) is a function with
k ≥ 0 and p is a real number.
T (n) can then be asymptotically bounded as follows:
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1. If a > bk, then T (n) = Θ(nlogb a).

2. If a = bk, then:

(a) p > −1 −→ T (n) = Θ(nlogb a logp+1 n)

(b) p = −1 −→ T (n) = Θ(nlogb a log log n)

(c) p < −1 −→ T (n) = Θ(nlogb a)

3. If a < bk, then:

(a) p ≥ 0 −→ T (n) = Θ(nk logp n)

(b) p < 0 −→ T (n) = Θ(nk)

Exercise 9 Give the solution, using the Master Theorem, for the recurrence relations
provided below (Bari, 2018; “Complexité d’un algorithme”, 2021/2022):

1. T (n) = 2T
(
n
2

)
+ 1

2. T (n) = 4T
(
n
2

)
+ n

3. T (n) = 8T
(
n
2

)
+ n log n

4. T (n) = 2T
(
n
2

)
+ n

5. T (n) = 4T
(
n
2

)
+ n2 log n

6. T (n) = 2T
(
n
2

)
+ n

logn

7. T (n) = 2T
(
n
2

)
+ n

log2 n

8. T (n) = T
(
n
2

)
+ n2

9. T (n) = 2T
(
n
2

)
+ n2 log n

10. T (n) = 4T
(
n
2

)
+ n3

logn

Solution
T (n) = 2T

(n
2

)
+ 1

For this recurrence, we have a = 2, b = 2 and f(n) = 1 = Θ(n0 log0 n) (k = 0 and p = 0)

� a > bk(2 > 20) −→ T (n) = Θ(nlog2 2) = Θ(n)

T (n) = 4T
(n
2

)
+ n

For this recurrence, we have a = 4, b = 2 and f(n) = n = Θ(n1 log0 n) (k = 1 and p = 0)

� a > bk(4 > 21) −→ T (n) = Θ(nlog2 4) = Θ(n2)

T (n) = 8T
(n
2

)
+ n log n

For this recurrence, we have a = 8, b = 2 and f(n) = n log n = Θ(n1 log1 n) (k = 1 and
p = 1)
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� a > bk(8 = 21) −→ T (n) = Θ(nlog2 8) = Θ(n3)

T (n) = 2T
(n
2

)
+ n

For this recurrence, we have a = 2, b = 2 and f(n) = n = Θ(n1 log0 n) (k = 1 and p = 0)

� a = bk(2 = 21) −→ T (n) = Θ(nlog2 2 log n) = Θ(n log n) (p > −1)

T (n) = 4T
(n
2

)
+ n2 log n

For this recurrence, we have a = 4, b = 2 and f(n) = n2 log n = Θ(n2 log1 n) (k = 2 and
p = 1)

� a = bk(4 = 22) −→ T (n) = Θ(nlog2 4 log2 n) = Θ(n2 log2 n) (p > −1)

T (n) = 2T
(n
2

)
+

n

log n

For this recurrence, we have a = 2, b = 2 and f(n) = n
logn

= Θ(n1 log−1 n) (k = 1 and

p = −1)

� a = bk(2 = 22) −→ T (n) = Θ(nlog2 2 log log n) = Θ(n log log n) (p = −1)

T (n) = 2T
(n
2

)
+

n

log2 n

For this recurrence, we have a = 2, b = 2 and f(n) = n
log2 n

= Θ(n1 log−2 n) (k = 1 and

p = −2)

� a = bk(2 = 22) −→ T (n) = Θ(nlog2 2) = Θ(n) (p < −1)

T (n) = T
(n
2

)
+ n2

For this recurrence, we have a = 1, b = 2 and f(n) = n2 = Θ(n2 log0 n) (k = 2 and p = 0)

� a < bk(1 < 22) −→ T (n) = Θ(n2 log0 n) = Θ(n2) (p ≥ 0)

T (n) = 2T
(n
2

)
+ n2 log n

For this recurrence, we have a = 2, b = 2 and f(n) = n2 log n = Θ(n2 log1 n) (k = 2 and
p = 1)

� a < bk(2 < 22) −→ T (n) = Θ(n2 log1 n) = Θ(n2 log n) (p ≥ 0)

T (n) = 4T
(n
2

)
+

n3

log n

For this recurrence, we have a = 4, b = 2 and f(n) = n3

logn
= Θ(n3 log−1 n) (k = 3 and

p = −1)

� a < bk(4 < 23) −→ T (n) = Θ(n3) (p < 0)
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Conclusion

This chapter introduced the core concepts of algorithmic complexity, starting with the
definition of an algorithm and progressing through time and space analysis using examples
like Fibonacci computation and Insertion Sort.

We covered key tools such as asymptotic analysis, Landau notations, and recurrence re-
lations, along with techniques for analyzing recursive and divide-and-conquer algorithms.

The chapter also discussed how data size affects execution time and the importance of
identifying optimal solutions. These foundations prepare students to evaluate algorithm
performance and address more advanced topics in problem complexity and AI, which
follow in the next chapters.
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Chapter 2

Problem Classification

Introduction

Some combinatorial optimization problems have polynomial algorithms, while others still
do not have any1.

But, is there truly a class of combinatorial problems for which polynomial algorithms
will never be found, or do difficult problems indeed have such algorithms that have not
yet been discovered?

For a long time, there has been a conjecture about the existence of a class of inherently
difficult problems. Because several difficult problems (such as the traveling salesman prob-
lem) have resisted research efforts for over 50 years: despite these efforts, no polynomial
algorithm has been discovered.

In this chapter, we will delve into the classification of problems based on the complexity
of the best algorithm that solves them.

2.1 Computational Problems and Combinatorial Optimization

A combinatorial problem (Papadimitriou & Steiglitz, 1998) consists of finding, from a
finite collection of objects and under a set of constraints, an object that satisfies all the
constraints—and possibly optimizes some objective function. These problems typically
involve a vast number of combinations to explore, making them computationally challeng-
ing.

A combinatorial optimization problem (Papadimitriou & Steiglitz, 1998) is a special
type of combinatorial problem where the goal is to find the optimal solution—usually
the maximum or minimum of a given objective function—under certain constraints. An
example is the Traveling Salesman Problem: given a list of cities and distances between
each pair of cities, the task is to find the shortest route that visits each city exactly once.

Optimization problems can be further categorized based on the nature of their vari-
ables:

� If the variables are discrete, the problem is a combinatorial optimization problem.

� If the variables are continuous, the problem is known as a continuous optimization
problem.

1The complexity of a problem represents the complexity of the best program to solve it.
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For every combinatorial optimization problem, there is an associated decision problem
that asks whether a solution exists within certain bounds or constraints. For instance,
instead of finding the shortest route, one might ask: “Is there a route shorter than 1000
km?”

A decision problem is a mathematical question with a “yes” or “no” answer. Many
theoretical questions in computer science are framed this way.

A computing solution problem goes a step further. Instead of just asking whether a
solution exists, it seeks to construct one. For example:

� If a Boolean formula is satisfiable, compute a satisfying assignment.

� If a graph is 3-colorable, compute a valid 3-coloring.

Notably, for each computing solution problem, there is a corresponding decision prob-
lem asking whether a solution exists.

2.2 From Decision Problems to Solution and Optimization

Complexity theory was developed in the 1970s to address the question indicated in the
introduction. The main result is that all difficult problems are interconnected. The dis-
covery of a polynomial algorithm for a single difficult problem would lead to deducing
polynomial algorithms for all others. Complexity theory deals only with existence prob-
lems2, with yes/no answers. A decision problem is a mathematical question to which the
answer is either ”yes” or ”no”. This is not problematic for problems involving computing
solutions or optimization (Cormen et al., 2022).

� An efficient algorithm for an existence problem can be used to efficiently solve its
computing solution problem.

� Similarly, an efficient algorithm for an existence problem can be used to efficiently
solve its associated optimization problem through a simple dichotomy on the objec-
tive function values.

For example, to transform ”finding the smallest non-trivial divisor of N”, we would
add an input k to get the question ”is there a non-trivial divisor of N that is less than k?”.
If we can answer this question, then we can quickly find the smallest non-trivial divisor of
N : we just need to perform a binary search by testing if there is a divisor ≤ N/2, then if
yes, if there is a divisor ≤ N/4, or if not, if there is a divisor ≤ 3N/4, and so on. Solving
the problem of finding the smallest non-trivial divisor of 25. The decision corresponding
problem instance is : Is there a non-trivial divisor of 25 that is less than k ?

Let’s consider the SAT problem and assume it has a polynomial algorithm A to solve
it. Then, we can construct the following algorithm (see Algorithm 12), which calculates
a satisfying valuation σ (if one exists) for a given formula φ:

2These are also called decision problems
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Data: A formula φ(x1, ..., xn)
Result: A satisfying valuation for φ (if one exists)

1 if A(φ) returns ”No” then
2 return ”Unsatisfiable”
3 end
4 for i← 1 to n do
5 if A(φ(b1, ..., bi−1, 1, xi+1, ..., xn)) returns ”Yes” then
6 bi ← 1 ;
7 else
8 bi ← 0 ;
9 end

10 end
11 return (b1, ..., bn) ;

Algorithm 12: SolSAT(φ)

2.3 Easy Problems and Hard Problems

A problem consists of two elements: an input (or instance) and a question or task to
perform. Here are two examples that can be reformulated as follows:
Primality:

Data: An integer N .

Question: Is N prime?

Sorting:

Data: A list of integers l.

Task: Sort l in ascending order.

2.3.1 Easy Problems

Easy means that polynomial algorithms are known to solve these problems, i.e., the com-
plexity of these algorithms is of the form O(nk) with k ∈ N. An algorithm with O(n100)
complexity is not efficient (Lebbah, 2021). However, the discovered polynomial algorithms
rarely go beyond degree 6.

Below, we list a set of easy problems:
Graph Exploration:

Data: A directed graph G = (V,E), two vertices s and t in V .

Question: Is there a path from s to t?

Polynomial algorithms: Breadth-First Search (BFS) and Depth-First Search (DFS) algo-
rithms with O(|V |+ |E|) complexity
Shortest Path:

Data: G = (V,E, ν) a valued directed graph with an application3 ν : E → R, two vertices
s and t in V .

3A function f : E → F is an application if Dom(f) = E.
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Task: Find a shortest path from s to t.

Polynomial algorithms: Bellman’s algorithm with O(|V ||E|) complexity. Dijkstra’s algo-
rithm with O(|E|+ |V | log |V |) complexity
Max Flow:

Data: G = (V,E, ν) a valued directed graph with a capacity function ν : V × V → N
such that ν(x, y) = 0 if (x, y) /∈ E, two vertices s and t in V .

Task: Maximize the flow rate that can go through the network between s and t.

Polynomial algorithms: Ford-Fulkerson algorithm with O(|V ||E|2) complexity.
4 5 6

Minimum Weight Spanning Tree:

Data: G = (V,E, ν) a valued simple7 undirected graph with an application ν : E → R

Task: Find a minimum weight spanning tree.

Polynomial algorithms: Prim’s algorithm with O(|V |2) complexity. Kruskal’s algorithm
with O(|E| log |E|) complexity. If G is directed, an arborescence could be computed in
O(|V ||E|) using Edmonds’ algorithm
Matching:

Data: A simple undirected graph G = (V,E).

Task: Find a maximum cardinality matching8.

Polynomial algorithm: Edmonds’ algorithm with O(|V |4) complexity.
Eulerian Cycles:

Data: An undirected graph G = (V,E).

Question: Does an Eulerian cycle9 exist in G?

The existence problem for Eulerian Cycles is solvable in O(|V |2).
Planarity Testing:

Data: A simple graph G = (V,E).

Question: Is G planar, i.e., can it be drawn in the plane without edge crossings?

Algorithm with O(|E|) complexity by Hopcroft and Tarjan
Bipartiteness Testing:

Data: A simple graph G = (V,E).

4A “chain” in a graph is a succession of edges that make it possible to link two vertices in the graph.
5A chain that touches each vertex one time at most is called “elementary.”
6A chain that uses each edge one time at most is called “simple.”
7A simple graph is a graph without loops or multiple edges. There are only edges between distinct

vertices, and between two vertices there is at most one edge.
8A matching of G is a subset of edges such that no two of them have a common vertex.
9An Eulerian cycle is a path that visits each edge of the graph exactly once. A Chinese postman tour

visits each edge at least once.
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Question: Is G bipartite10?

It can be proven that a graph is bipartite if and only if it contains no odd-length cycle11.
This can be verified using an algorithm with O(|E|) time complexity.
Search in n elements:
This is the search for an element in an array of n elements.
Sorting N numbers:
This problem is solvable using heap sort algorithm in O(n log n).

2.3.2 Hard Problems

Below, we list a set of hard problems (Lebbah, 2021):
Maximum Stable Set12:

Data: A simple graph G = (V,E).

Task: Find a maximum cardinality stable set, i.e., a largest possible subset of graph
vertices where no two elements are adjacent.

Minimum Vertex Cover13:

Data: A simple graph G = (V,E).

Task: Find a minimum set of vertices to cover all edges.

Maximum Clique14:

Data: A simple graph G = (V,E).

Task: Find a clique (a subset of vertices of graph G that are all pairwise adjacent, also
known as a complete subgraph) with the maximum number of vertices.

Minimum Coloring:

Data: A simple graph G = (V,E).

Task: Determine the chromatic number15 of G.

Hamiltonian Problem:

Data: A simple graph G = (V,E).
A Hamiltonian cycle is a Hamiltonian path that forms a cycle16. A Hamiltonian
path in an undirected or directed graph is a path that passes through all vertices
exactly once.

Question: Does G have a Hamiltonian cycle?

10A graph is bipartite if its vertex set can be partitioned into two disjoint subsets U and U ′ such that
each edge has one endpoint in U and the other in U ′.

11A cycle containing an odd (respectively even) number of edges is called an odd (respectively even)
cycle.

15G is k-colorable if its vertices can be colored with k distinct colors, such that no two adjacent vertices
have the same color. The smallest value of k for which G is k-colorable is the chromatic number of G.

16A cycle is a sequence of consecutive edges, a simple path (not containing the same edge multiple
times), with identical endpoints.
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Traveling Salesman Problem (TSP):

Data: G = (V,E, ν) a complete directed weighted graph with an application ν : E → R.

Task: Find a Hamiltonian cycle, with minimal cost.

Boolean Satisfiability Problem (SAT):

Data: A propositional formula.

Question: Determine whether there exists an assignment of propositional variables that
makes all clauses true.

Integer Knapsack Problem17:

Data: A set of items, each with a weight and a value.

Task: Determine the quantity of each item to include in a collection so that the total
weight is less than or equal to a given limit and the total value is maximized.

Knapsack Problem Variants:

0-1 Knapsack Problem:
Maximize

∑n
i=1 vixi∑n

i=1 wixi ≤ W
xi ∈ {0, 1}

Bounded Knapsack Prob-
lem:

Maximize
∑n

i=1 vixi∑n
i=1wixi ≤ W

xi ∈ {0, 1, 2, . . . , c}

Unbounded Knapsack
Problem:

Maximize
∑n

i=1 vixi∑n
i=1 wixi ≤ W

xi ∈ N

xi represents the number of instances of item i to include in the knapsack.
Bin Packing:

Data: n items with weights ai and an unlimited number of bins with capacity b

Task: Distribute the items into a minimal number of bins.

Examples (Bin Packing Problem):

Input: Weights = {4, 8, 1, 4, 2, 1}
Bin capacity b = 10.

Output: 2.
Solution: We need at least 2 bins to accommodate all the items. The first bin
contains {4, 4, 2} and the second bin {8, 1, 1}.

Input: Weights = {9, 8, 2, 2, 5, 4}
Bin capacity b = 10.

Output: 4.
Solution: We need at least 4 bins to accommodate all the items.
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2.4 Undecidable Problems

An undecidable problem is a decision problem for which it has been proven impossible to
construct an algorithm that always leads to a correct answer of yes or no (Kozen, 2006).
Below, we give two undecidable problems:
Halting Problem:

Data: A computer program and input data for that program.

Question: Determine whether the program will eventually stop or continue running for-
ever.

Post’s Correspondence Problem (1946):

Data: n pairs of words (u1, v1), ..., (un, vn) over an alphabet Σ.

Question: Is there a finite sequence i1, ..., ik (k > 0) such that ui1 ...uik = vi1 ...vik .
Note: The index sequences are the same.

The pairs (ui, vi) can be seen as dominos.
Example:

A solution: a.bab.ba.aa.aa = ab.abba.aa.a.a
Index sequence: 1, 4, 3, 2, 2.

2.5 Classes P et NP

Given a function f : N −→ N, a problem is said to belong to the class DTIME(f) if
there exists a deterministic machine18 that, on any input of length n, solves the problem
in O(f(n)) computational steps.

The set of decision problems that have polynomial-time algorithms forms the class
P (Cormen et al., 2022). We can define P =

⋃
k≥0DTIME(n −→ nk).

The class NP 19 consists of decision problems for which a proposed solution of ”yes”
can be verified in polynomial time (Cormen et al., 2022). We also define the class NP =⋃

k≥0NTIME(n −→ nk), where N stands for non-deterministic20.

Problems not in NP exist, but for the most part, they are of theoretical interest
only (Lebbah, 2021). NP includes P . Problems in the class NP are quickly verifiable,
whereas problems in the class P are quickly solvable.

18A deterministic machine is the formal model of a machine as we know them (our computers are
deterministic machines).

19NP does NOT mean Non-Polynomial; it stands for Non-Deterministic Polynomial!
20The non-deterministic computation model is enriched by an ”choice” instruction, where there exists

an immediate way to lead to the solution. A non-deterministic machine is a purely theoretical variant of
deterministic machines: we can’t build one. At each step of its computation, this machine can make a
non-deterministic choice: it has a choice between several actions, and it takes one. If one of the choices
leads to accepting the input, it’s considered that it made the right choice. In some sense, it always guesses
correctly.
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2.5.1 Complexity Class NP

Let A be a problem. An verifier for A is an algorithm V that takes pairs ⟨x, y⟩ as input,
where x is an instance21 of A, and verifies that y is indeed a proof (or certificate) showing
that x is a positive instance.

Problem A has a polynomial verifier V if:

1. There exists a polynomial p(.) such that for every instance x of A: x is a positive
instance22 if and only if there exists a certificate y of size at most p(size(x))23 and
such that V accepts ⟨x, y⟩

2. The algorithm V is polynomial in size(x).

Examples

� A verifier for SAT takes as input a CNF formula and a valuation of its variables,
and decides if the valuation makes the formula true.

� A verifier for 3-coloring takes as input a graph and a vertex coloring with 1, 2, 3,
and verifies that adjacent vertices have different colors.

� A verifier for Hamiltonian path takes as input a graph G = (V,E) and a permutation
vi1 , vi2 , ..., vin of vertices in V , and verifies that it forms a path in G: (vij , vij+1

) ∈ E
for all j

How to Prove Membership in NP?

The class NP is the class of problems that have polynomial verifiers (Cormen et al., 2022).

Exercise 10 Prove that the following problem: given a set S of n integers and an integer
b, does there exist a subset T of S whose sum of elements equals b? belongs to the class
NP.

Solution This problem is inNP because verifying that the sum of a subset T (certificate),
which is a subset of a set S (problem instance) of size n, is equal to b can be done in
O(n2). In this verification, it is necessary to ensure that all elements of T are in S, which
will require at most n2 tests.

21An instance of problem A is the question posed on a particular input/data of A. Example:

� Problem: Determine if a non-directed graph is connected.

� Instance: V = 1, 2, 3, 4, 5, E = (1, 2), (2, 3), (3, 1), (4, 5)

� Algorithm: Depth-first search
22A positive instance of a decision problem is an instance (data) for which the problem’s output is

”True” (Yes).
23We can always restrict ourselves to certificates of polynomial length in the length of x, since in

polynomial time in the length of x, the algorithm V cannot read more than a polynomial number of
symbols from the certificate.
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2.5.2 NP-Complete Problems

These are the most difficult problems in NP , often referred to as the ”hard core”. The con-
cept of NP-complete problems is based on that of polynomial transformation (reduction)
of one problem to another (Arora & Barak, 2009).

Polynomial Reduction

A problem of existence P1 is polynomially reducible to another problem P2 if there exists
a polynomial algorithm A that transforms any instance of P1 into an instance of P2, while
preserving the Yes and No answers.

� We denote this as P1 ≤p P2.

Example A stable set in a simple graph G is a clique in the complement graph Gc.
24

An NP-complete problem25 is an NP problem to which any other NP problem can
be polynomially reduced (Arora & Barak, 2009). The class of NP-complete problems is
denoted as NPC.

Implications of NP-Completeness and the SAT Problem

The strong practical consequence of the NPC class:

� If we were to find a polynomial algorithm A for a single NP-complete problem X.
We could derive one for any other difficult problem Y in NP.

� It’s sufficient to polynomially transform instances of Y into instances for X, and
then execute the algorithm for X.

SAT Problem:

Data Given a set of variables x1, ..., xn and a logical formula φ in conjunctive normal form
φ = c1 ∧ c2 ∧ ...∧ cl, where each clause ci = (yi,1 ∨ yi,2 ∨ ...∨ yi,ki), and each yi,j is a
literal.

Question Is there a truth value assignment to the variables that makes φ true?

2.5.3 How to Prove a Problem is NP-Complete?

Given a problem P , we consider its associated existence problem:

� If P is an optimization problem26, we consider the associated existence problem by
replacing the search for an optimal solution with a search for a solution with cost
at most k, where k is an integer added to the input.

24The existence problem of a stable set in a simple graph G corresponds to the existence problem
of a clique in the complement graph Gc. The polynomial transformation here involves computing the
complement graph Gc.

25In the literature, you may encounter the term ”NP-hard” for optimization problems: a combinatorial
optimization problem is NP-hard if its associated existence problem is NP-complete.

26The goal of an optimization problem is to find a solution that maximizes (or minimizes) a given
objective function. For each optimization problem, we can associate a decision problem that determines
whether there exists a solution for which the objective function is greater (or less) than or equal to a given
value. The complexity of an optimization problem is related to that of the associated decision problem.
In particular, if the decision problem is NP-complete, then the optimization problem is called NP-hard.
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The technique used to prove that an existence problem X in NP is NP-complete involves
demonstrating that a known NP-complete problem Y can be polynomially reduced to X
(and not the other way around, a common mistake!) (Arora & Barak, 2009).

Reduction Technique To prove the NP-completeness of a problem P , it is sufficient to
prove:

1. It has a polynomial verifier (ensuring that P ∈ NP ).

2. P ′ ≤p P with a known NP-complete problem P ′ (ensuring C ≤p P for any problem
C ∈ NP ).

2.5.4 Establishing NP-Completeness for 3-SAT

Définition. Data: A set of variables x1, ..., xn and a formula φ = c1 ∧ c2 ∧ ... ∧ cp where
ci = yi,1 ∨ yi,2 ∨ yi,3 and for all i, j, yi,j is a literal, i.e., yi,j is either xk or ¬xk for one
of the xk.

Question: Is there an assignment of truth values to the variables that makes φ true?

The 3-SAT problem is a restriction of the SAT problem to formulas that are in con-
junctive normal form with 3 literals.

Théorème. The 3-SAT problem is NP-complete.

To prove this theorem, it’s necessary to demonstrate:

1. 3-SAT ∈ NP

2. P ′ ≤p 3-SAT with a known NP-complete problem P ′ (we’ll take P ′ = SAT )

3-SAT Proven NP-Complete

1. Is 3-SAT in NP?
A verifier for 3-SAT takes as input a 3-CNF formula and a variable valuation (cer-
tificate), and checks if the valuation makes the formula true. This verification can be
done in O(p) time (p is the number of clauses). Therefore, the verifier is polynomial.
Consequently, 3-SAT is in NP.

2. Is SAT ≤p 3-SAT?27

For any instance φ of SAT, we will associate an instance φ̃ of 3-SAT such that:

φ is satisfiable ⇐⇒ φ̃ is satisfiable

Remarque. We will construct φ̃ from φ in polynomial time (polynomial reduction)
with respect to the size |φ| of φ.

27Polynomial reduction ensures that we can use an algorithm P for 3-SAT to solve SAT: for any CNF
formula φ, we first construct φ̃ and then run P on φ̃. Let P ′ be the algorithm constructed in this way.
Important: If P is a polynomial algorithm for 3-SAT, then P ′ is also polynomial.
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Reduction from SAT to 3-SAT If φ = c1∧ ...∧ ck where each ci is a clause, we construct
φ̃ = φ1 ∧ ... ∧ φk, where:

� Each φi is a conjunction of 3-clauses

� φi uses the variables from ci, + possibly new variables

� If an assignment of variables makes ci true, we can complete it to make φi true

� Conversely, if an assignment of variables makes φi true, its restriction to the variables
in ci makes ci true

Reduction from SAT to 3-SAT: Construction of φi

� If ci = ℓ1 (a literal), we add 2 new variables yi, zi, and

φi = (ℓ1 ∨ yi ∨ zi) ∧ (ℓ1 ∨ ¬yi ∨ zi) ∧ (ℓ1 ∨ yi ∨ ¬zi) ∧ (ℓ1 ∨ ¬yi ∨ ¬zi)

� If ci = ℓ1 ∨ ℓ2 (2 literals), we add 1 new variable yi, and

φi = (yi ∨ ℓ1 ∨ ℓ2) ∧ (¬yi ∨ ℓ1 ∨ ℓ2)

� If ci is a 3-clause: φi = ci

� If ci = ℓ1 ∨ ... ∨ ℓk with k ≥ 4, we add k − 3 new variables ti,1, ..., ti,k−3 and

φi = (ti,1 ∨ ℓ1 ∨ ℓ2) ∧ (¬ti,1 ∨ ℓ3 ∨ ti,2) ∧ (¬ti,2 ∨ ℓ4 ∨ ti,3) ∧ ... ∧ (¬ti,k−3 ∨ ℓk−1 ∨ ℓk)

Exercise 11 Convert the following SAT formula into an equivalent 3-SAT formula: φ =
(x1 ∨ ¬x2 ∨ x3 ∨ ¬x4 ∨ x5) ∧ (x1 ∨ ¬x2) ∧ (¬x1 ∨ x2 ∨ x4)

Solution
φ = (x1 ∨ ¬x2 ∨ x3 ∨ ¬x4 ∨ x5) ∧ (x1 ∨ ¬x2) ∧ (¬x1 ∨ x2 ∨ x4)

Then the construction yields:

φ̃ = (t1,1 ∨ x1 ∨ ¬x2) ∧ (¬t1,1 ∨ x3 ∨ t1,2) ∧ (¬t1,2 ∨ ¬x4 ∨ x5)
∧(y2 ∨ x1 ∨ ¬x2) ∧ ((¬y2 ∨ x1 ∨ ¬x2))
∧(¬x1 ∨ x2 ∨ x4)

Reduction from SAT to 3-SAT: Demonstration We verify that with the previous con-
struction:

� If an assignment of the variables makes each ci true, it can be easily extended to
make each φi true.

� Conversely, if an assignment of the variables makes each φi true, restricting this
assignment to the variables of ci makes ci true.

� Therefore,
ci is satisfiable

⇐
⇒

φi is satisfiable with the same values for the variables of ci

� Since the variables added in φi only appear in φi:

φ is satisfiable ⇐⇒ φ̃ is satisfiable
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Last Step in SAT to 3-SAT Reduction

� The computational time is reduced to writing the clauses of φi, whose length is
polynomial in relation to the size of φ.

� The entire reduction process is therefore carried out in polynomial time.

We have thus established:

SAT ≤p 3-SAT

Conclusion: {
3-SAT ∈ NP
SAT ≤p 3-SAT

=⇒ 3-SAT is NP-complete

2.5.5 Establishing NP-Completeness for STABLE Problem (Independent Set)

Définition. Data: An undirected graph G = (V,E) and an integer k

Question: Does there exist a subset V ′ ⊂ V with |V ′| = k, such that u, v ∈ V ′ ⇒ (u, v) /∈
E?

The STABLE problem is the decision problem which, given a graph G and an integer
k, aims to determine whether there exists in G a set of k vertices pairwise non-adjacent.
Such a set is called a stable set of k vertices.

Théorème. The STABLE problem is NP-complete

To prove this theorem, we establish that:

1. STABLE ∈ NP

2. 3-SAT ≤p STABLE (It is already known that 3-SAT is an NP-complete problem)

STABLE Proven NP-Complete

1. STABLE ∈ NP ?
A verifier for STABLE takes as input a graph and a set of vertices V ′ (certificate),
and checks whether V ′ is a set of pairwise non-adjacent vertices of size k. This
algorithm runs in O(|V |2) in the worst case, making the verifier polynomial. Con-
sequently, STABLE ∈ NP .

2. 3-SAT ≤p STABLE ?
For any instance φ of 3-SAT, we associate an instance Gφ, kφ of STABLE such that

φ is satisfiable ⇐⇒ Gφ has an independent set of size kφ

Remarque. We construct Gφ, kφ from φ in polynomial time (polynomial reduction)
with respect to the size |φ| of φ
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Reduction 3-SAT to STABLE Let φ =
∧

1≤j≤k

(x1j ∨ x2j ∨ x3j). We construct a graph Gφ

with 3k vertices, one for each occurrence of a literal in a clause.

� Constraints related to literals: Gφ has an edge between each vertex associated with
a literal xi and each vertex associated with a literal ¬xi (thus, an independent set
of Gφ corresponds to a truth value assignment to a subset of the variables)

� Constraints associated with clauses: for example, for a clause in φ of the form
c = (x1 ∨ ¬x2 ∨ x3), Gφ has edges (x1,¬x2), (¬x2, x3), (x3, x1) forming a triangle
(thus, an independent set of Gφ contains at most one of the three vertices associated
with the clause c)

We choose the integer kφ to be equal to k (the number of clauses in φ)

Reduction from 3-SAT to STABLE: Example for Construction of Gφ

φ = (x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ ¬x2 ∨ ¬x4)

Then the construction yields the following graph Gφ:

x1 ¬x2

x3

¬x1

¬x4

¬x2

Reduction from 3-SAT to STABLE: Demonstration We now show that φ is satisfiable
if and only if Gφ has a stable of size kφ:

� If φ is satisfiable, we consider an assignment of variables satisfying φ. For each
clause c in φ, we choose yc as a literal in c made true by the assignment. This
defines k vertices forming a stable in Gφ.

� Conversely, if Gφ has a stable of size kφ, then it must have a vertex in each triangle.
This vertex corresponds to a literal that makes the associated clause true, forming
a consistent variable assignment due to the construction of edges.

� Therefore,
φ is satisfiable ⇐⇒ Gφ has a stable of size kφ

Last Step in 3-SAT to STABLE Reduction

� The computation time reduces to constructing the graph Gφ from the formula φ

� It is polynomial with respect to the size of φ

Therefore, we have:
3-SAT ≤p STABLE

Conclusion: {
STABLE ∈ NP
3-SAT ≤p STABLE

=⇒ STABLE is NP-complete
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2.5.6 Establishing NP-Completeness for CLIQUE Problem

Définition. Data: An undirected graph G = (V,E) and an integer k

Question: Does there exist a set V ′ ⊂ V , with |V ′| = k, such that u, v ∈ V ′ ⇒ (u, v) ∈ E?
The CLIQUE problem is to determine if a graph contains a clique (a subset of graph

vertices all adjacent to each other, also known as a complete subgraph) of size k.

Théorème. The CLIQUE problem is NP-complete

To prove this theorem, we demonstrate that:

1. CLIQUE ∈ NP

2. STABLE ≤p CLIQUE (STABLE is an NP-complete problem)

CLIQUE Proven NP-Complete

1. Is CLIQUE ∈ NP?

(a) Certificate: Let the certificate be a set S consisting of nodes in the clique, and
S is a subgraph of G.

(b) Verification: Verifying if the number of nodes in S equals k takes O(1) time.
Verifying if each vertex has an external degree of (k−1) takes O(k2) = O(|V |2)
time (since k ≤ |V |). Thus, the decision problem for clique has a polynomial
verifier.
=⇒ Therefore, CLIQUE ∈ NP

2. STABLE ≤p CLIQUE?
For any instance G, k of STABLE, we associate an instance G′, k′ of CLIQUE such
that

G has a stable of size k ⇐⇒ G′ has a clique of size k′

Remarque. We construct G′, k′ from G, k in polynomial time relative to the size of
G.

Reduction STABLE to CLIQUE

� We will construct the graph G′ = (V ′, E ′) from the graph G = (V,E) by the
following modifications:

– V ′ = V , meaning that all vertices of the graph G are part of the graph G′

– E ′ = complement of the edges E, that is, the edges not present in the original
graph G

� The graph G′ is the complementary graph of G

Reduction from STABLE to CLIQUE: Example of Constructing the Complement Graph

x1 x3

x2 x4

x5

x6

x1 x3

x2 x4

x5

x6
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Reduction from STABLE to CLIQUE: Demonstration We now demonstrate that G has
a stable of size k if and only if G′ has a clique of size k′:

� Suppose the graph G contains a clique of size k. This implies that there are k
vertices in G, where each of these vertices is connected by an edge to the remaining
vertices. Furthermore, since these edges are contained in G, they cannot be present
in G′. Therefore, these k vertices are not adjacent to each other in G′ and thus form
a stable of size k.

� Conversely, assume the complementary graph G′ has a stable of vertices of size k′.
None of these vertices share an edge with other vertices. When we complete the
graph to obtain G, these k′ vertices will share an edge and thus become adjacent to
each other. Consequently, the graph G will have a clique of size k′.

� Hence,

G has a stable of size k ⇐⇒ G′ has a clique of size k

Last Step in STABLE to CLIQUE Reduction

� The computation time reduces to calculating the complementary graph G′, which
can be done in the worst case in O(|V |2) time.

� The reduction process is thus carried out in polynomial time.

We therefore have:

STABLE ≤p CLIQUE

Conclusion: {
CLIQUE ∈ NP
STABLE ≤p CLIQUE

=⇒ CLIQUE is NP-complete

2.5.7 Establishing NP-Completeness for 3-COLORABILITY Problem

Définition. Data: An undirected graph G = (V,E).

Question: Does there exist a coloring of the graph using at most 3 colors, such that no
two adjacent vertices receive the same color?

A k-COLORABILITY problem for undirected graphs aims to determine if there is a
vertex-coloring of the graph such that no two adjacent vertices share the same color, and
at most k colors are used to complete the graph coloring.

Théorème. The 3-COLORABILITY problem is NP-complete.

To prove this theorem, we show that:

1. 3-COLORABILITY ∈ NP

2. 3-SAT ≤p 3-COLORABILITY
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3-COLORABILITY Proven NP-Complete

1. Is 3-COLORABILITY in NP?

(a) Certificate: A coloring assignment {c1, c2, c3} where each vertex is assigned
one of these three colors.

(b) Verification: Verify that for each edge (u, v), the color of vertex u is different
from that of vertex v. The number of edges in a graph in the worst case is
|V |(|V |−1)

2
(|V | is the number of vertices in the graph). Thus, the verification

takes time in O(|V |2)
Therefore, the 3-COLORABILITY problem has a polynomial verifier
=⇒ Hence, 3-COLORABILITY ∈ NP

2. Is 3-SAT ≤p 3-COLORABILITY?
For every instance φ of 3-SAT, we associate an instanceGφ of the 3-COLORABILITY
problem such that

φ is satisfiable⇐⇒ Gφ has a 3-coloring

Remarque 2.5.1. We will construct Gφ from φ in polynomial time relative to the size of φ

Reduction 3-SAT to 3-COLORABILITY Let φ = c1 ∧ ... ∧ cm. We construct a graph
Gφ as follows:

1. We create three vertices v, f , c (for true, false, control). These three vertices
are connected pairwise in a triangle, so they must all be of different colors. We
associate a vertex with each variable and its complement. To ensure that a variable
takes either the true or false value, for each variable xi we construct a triangle with
vertices xi, ¬xi, and c
=⇒ This results in a total of 2n+ 3 vertices and 3n+ 3 edges

Illustration:

f

c

v

xi

¬xi

This enforces that either color(xi) = true and
color(¬xi) = false, or color(xi) = false and
color(¬xi) = true

2. We now need to encode the evaluation rules of a clause. To do this, we introduce
the following subgraph, which corresponds to a clause ℓ1 ∨ ℓ2 ∨ ℓ3

ℓ1

ℓ2

ℓ3

s5

s6

s4

s2

s3
s1 c

f

v

Property:

� If ℓ1, ℓ2, ℓ3 are colored false in a 3-
coloring, then the output node s1 will
be colored false (which is impossible as
s1 must be true)

� If any of ℓ1, ℓ2, ℓ3 is colored true,
then the constructed subgraph can be
3-colorable in a way that the output
node s1 is colored true
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Similarly, we create subgraphs associated with the other clauses of φ
=⇒ This results in 6m new vertices and 12m new edges.

In total, the graph has 2n+ 6m+ 3 vertices and 3n+ 12m+ 3 edges

Proof of the Property:

(a) If ℓ1, ℓ2, ℓ3 are all colored false, then we are forced to use
the coloring shown in the figure. But then s4, s5, s6 must
all be colored with different colors, and none of them can
be colored false, so there is no legal coloring.

f

f

f

s5

s6

s4

f

c
v

(a) The rest of the proof considers the 7 possible color combi-
nations of ℓ1, ℓ2, ℓ3 such that at least one is colored true
and the others are colored false, and shows that a 3-coloring
exists in each case.
For example, if ℓ3 is colored true but ℓ1 and ℓ2 are colored
false, we have the legal 3-coloring illustrated in the figure.
The other cases are similar.

f

f

v

v

c

f

c

f
v

Reduction from 3-SAT to 3-COLORABILITY: Example φ = (x∨¬y∨z)∧(y∨u∨¬w),
the graph Gφ constructed from φ is as follows:

Reduction from 3-SAT to 3-COLORABILITY: Demonstration It remains to show that
φ is satisfiable if and only if the constructed graph Gφ is 3-colorable:

� φ is satisfiable implies Gφ is 3-colorable

– If φ is satisfiable, then in each clause, at least one of the literals xi must be
true. As a result, the vertex corresponding to xi in Gφ can be assigned a true
color and ¬xi can be assigned a false color. Now, by extending this, for each
clause, the corresponding subgraph in Gφ can be 3-colorable. Therefore, the
graph can be 3-colorable (by the property above).

� Gφ is 3-colorable implies φ is satisfiable

– If φ is not satisfiable, there exists at least one clause cj = (ℓ1∨ℓ2∨ℓ3) where all
three literals ℓ1, ℓ2, ℓ3 are false. In this case, the subgraph corresponding to cj
cannot be 3-colorable. The output node of the subgraph is colored false, which
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is impossible because it must be true (by the property above). Therefore, the
graph Gφ is not 3-colorable 28.

Last Step in 3-SAT to 3-COLORABILITY Reduction

� The computation time is reduced to creating the vertices and edges of Gφ, the
number of which (2n + 6m + 3 vertices and 3n + 12m + 3 edges) is polynomial in
relation to the size of φ.

� The reduction is thus polynomial.

Therefore, we have:
3-SAT ≤p 3-COLORABILITY

Conclusion:{
3-COLORABILITY ∈ NP
3-SAT ≤p 3-COLORABILITY

=⇒ 3-COLORABILITY is NP-complete

2.6 The P
?
= NP Conjecture

The crucial question in complexity theory is to determine:

� Whether NP-complete problems can be solved polynomially, in which case P = NP .

� Or if polynomial algorithms for them will never be found, in which case P ̸= NP .

This question is still unsettled. As hundreds of NP-complete problems resist the assault
of research efforts, most theoretical computer scientists today conjecture that P ̸= NP .
Problems with undetermined status, which are in NP , are among the hard problems to
solve (the best available algorithms have exponential complexity), but a proof of their
membership in NPC is not yet available (Lebbah, 2021).

2.7 Impact on the Practical Approach to a Real Problem

There are combinatorial problems29 that you shouldn’t insist on solving. If you have to
solve a combinatorial problem, it’s a good idea to consult a directory of NP-complete
problems to see if the associated existence problem is listed there30. If your problem is
NP-complete, it’s better to give up hope of finding a polynomial algorithm. The problem
of solving arises for any problem where polynomial algorithms are not available (primarily
NP-complete problems). In practice, problems are solved by leveraging (Lebbah, 2021):

� Data size: Complete enumeration can be feasible for small cases.

� Average complexity: An exponential algorithm in its worst-case scenario can be
quite fast on average (like the simplex algorithm31).

28We are using a proof by contrapositive. A proof by contrapositive shows an implication P =⇒ Q by
proving its contrapositive ¬Q =⇒ ¬P .

29A problem is classified as combinatorial when its solution involves exploring a huge number of com-
binations.

30Over 3000 problems listed in 2019!
31The simplex algorithm is an algorithm for solving linear programming problems. It’s probably the

first algorithm that allows minimizing a function over a set defined by inequalities.
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� Based on the Nature of Data: NP-completeness proofs consider a problem in its
most general form, without assumptions about the data. The problem might become
easier for specific cases or for specific data of a company, never for arbitrary cases.

� Using Methods to Reduce Combinatorial Complexity: These include tree-based
methods, dynamic programming, and constraint programming – intelligent enumer-
ation methods.

� Applying Approximation Methods: If accepting solutions of good quality without
optimality guarantees32, fast algorithms for local search33 can be found. In a business
context, a solution is valuable if it enables cost savings compared to existing solutions
or manual methods, even if it’s not optimal.

Conclusion

This chapter introduced important distinctions between computational problems based on
their complexity and solvability. We explored decision, optimization, and search problems,
and classified them as tractable, intractable, or undecidable.

We focused on complexity classes such as P, NP, and NP-complete, and examined
common NP-complete problems like 3-SAT and CLIQUE. Techniques for proving NP-
completeness through reductions were also presented.

The P vs NP question was highlighted for its theoretical and practical importance.
Lastly, we discussed how problem classification determines whether exact or approximate
solution methods are used.

These concepts form a foundation for addressing complex AI problems in the next
chapter.

32An optimal solution (optimization problem) is a feasible solution where the objective function achieves
its maximum (or minimum) value, i.e., the highest profit or the least cost.

33Local search involves moving from one solution to a neighboring solution in the space of candidate
solutions (the search space) until a solution considered optimal is found or the allotted time is exceeded.
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Chapter 3

Problem Solving and Artificial
Intelligence

Introduction

Problem solving is the process of selecting and sequencing actions in order to achieve
specific goals while respecting the constraints of a given environment. This process consists
of three main components:

� an initial state (representing the problem to be solved),

� a goal state (representing a satisfactory solution),

� a set of actions or operators that transition the system from one state to another.

The objective of the problem-solving process is to find a sequence of actions that leads
from the initial state to a goal state.

The complexity of this process arises from the fact that, from a given state, multiple
actions may be possible, each leading to different resulting states. The naive approach of
exhaustively trying all possible sequences to find a solution leads to what is known as a
combinatorial explosion. In many cases, one must choose between several possible options
or seek the best solution among many—this is the domain of combinatorial optimization
problems.

Artificial Intelligence (AI) addresses this challenge by using heuristics—strategies or
techniques that steer the search by prioritizing actions most likely to lead to a solution.

Many problem-solving tasks can be framed as follows:

� A sequence of operators applied to transform an initial state into a goal state.

� The initial state describes the state of the ”world” before any action is taken.

� The goal state represents the conditions under which the problem is considered
solved.

� There may be multiple acceptable goal states that satisfy the solution criteria.

To solve such problems, the general idea is to:

� Consider the initial state,

65



Course Support Complexity and Problem Solving

� Identify the operators that can change the current state,

� Apply these operators systematically (or heuristically),

� Test whether the resulting state satisfies the goal conditions.

3.1 Formal Definition of a Problem

A problem can be formally defined by the following five components (Russell, Russell,
Norvig, & Davis, 2010):

1. An initial state: the starting point from which the problem-solving process begins.
It represents the initial configuration or description of the world.

2. A set of actions: these are the operations or transitions that can be applied to move
from one state to another.

3. A successor function: this function specifies the resulting state when a particular
action is applied to a given state. It defines the dynamics of the environment.

4. A set of goal states: these are the states that represent valid solutions. There
must be a test (goal test) to determine whether a given state satisfies the problem’s
objective.

5. A cost function: this associates a non-negative numerical cost with each action. It
allows the evaluation and comparison of different possible paths.

A problem can be visualized as a directed graph:

� The nodes of the graph represent the states that are reachable from the initial state.

� The edges represent the actions that transition from one state to another.

This graph is called the state space.

� A solution to the problem is a path in this graph from the initial state to a goal
state.

� A solution is said to be optimal if the total cost (sum of the costs of actions along
the path) is minimal among all possible solutions.

3.2 Examples of Problems

3.2.1 The 8-puzzle Problem

State: The states are configurations of the eight tiles in the nine squares of a 3× 3 grid.
See Figure 3.1 for two example states.
Initial State: Any configuration can be selected as the initial state.
Actions: There are four possible actions corresponding to the directions in which the
empty square (blank) can be moved: up, down, left, and right. In some configurations,
only 2 or 3 of these moves may be allowed.
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Successor Function: This function defines the resulting state of applying an action to a
given state. For example, applying the action right to the first state in Figure 3.1 produces
the second state.
Goal Test: The goal is to reach a specified configuration (typically the tiles in numerical
order). Any configuration can be chosen as the goal state.
Action Cost: Each tile movement costs 1 unit. This allows us to search for a solution with
the minimal number of moves.

Figure 3.1: Two configurations of the 8-puzzle problem (Russell et al., 2010).

The 8-puzzle is often used to test search algorithms. By increasing the size of the grid,
we can create more complex problems:

� The 3× 3 and 4× 4 puzzles have state spaces of size 181,440 and approximately 1.3
billion, respectively.

� Modern algorithms are able to solve 3× 3 and 4× 4 puzzles efficiently.

� The 5× 5 puzzle, which has a state space of size 1025, remains very challenging.

3.2.2 Eight Queens Problem

The objective is to place eight queens on a chessboard (8 × 8 grid) such that no queen
attacks another—that is, no two queens share the same row, column, or diagonal.

Formal definition of the problem:

� States: Any configuration with 0 to 8 queens on the board.

� Initial state: An empty board.

� Actions: Add a queen to an empty square of the board.

� Successor function: The resulting configuration after placing a queen on a specific
square.

� Goal test: A configuration with eight queens where no two attack each other.

� Action cost: Can be zero or a constant per action, since the interest lies in reaching
a goal state rather than optimizing a path.

State space reduction: The total number of possible configurations is very large (1.8×
1014), but this can be drastically reduced (to 2057) by exploring only conflict-free config-
urations.

Optimized formulation:

67



Course Support Complexity and Problem Solving

� States: Configurations with n queens (0 ≤ n ≤ 8), placed one per column in the
leftmost n columns, with no mutual attacks.

� Actions: Add a queen to an empty square in the leftmost unfilled column, avoiding
any conflict.

Alternative formulation (complete initial configuration):

� States: Configurations with 8 queens, one per column.

� Initial state: Any randomly chosen configuration.

� Actions: Move a queen within its column.

Note: In the incremental formulation, states are never revisited. This is not the case
in the complete configuration formulation or in puzzles like the sliding puzzle, where a
tile or queen may return to a previous position. Care must be taken to avoid revisiting
states or entering infinite loops.

Figure 3.2: An almost correct solution to the Eight Queens problem (Russell et al., 2010).

3.3 Types of Problems

We observe that the two problems previously presented are quite different in nature:

� In the sliding puzzle, the goal state is known from the beginning, and the challenge
lies in finding a sequence of actions to reach it.

� In contrast, for the Eight Queens problem, the path to the solution is irrelevant—we
are only interested in finding a final state that satisfies the constraints.
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These two games are examples of two major classes of problems studied in Artificial
Intelligence: planning problems and constraint satisfaction problems (Russell et al.,
2010).

Planning Problems

� The initial state is known.

� The goal state is known.

� The objective is to find a path from
the initial to the goal state, possibly
optimizing for certain criteria.

Constraint Satisfaction Problems

� The initial state is known.

� The path to the solution does not
matter.

� The objective is to find a final state
that satisfies a given set of con-
straints.

3.3.1 Planning Problems

In a planning problem, the objective is to find a sequence of actions that connects an
initial state to a goal state.

Planning problems are common in everyday life:

� Finding the shortest path to reach a destination.

� Planning a trip using public transportation, trains, or flights.

Example: Flight Trip Planning

States: A state is defined by the current airport, date, and time.

Initial state: The airport from which the client departs, along with the desired departure
date and time.

Actions: Flights from one airport to another.

Successor function: The possible flights that depart from the current airport at a time
later than the current one. (We must also consider a minimum connection time to
avoid missed connections.)

Goal test: States where the client is at the destination airport.

Action costs: This depends on client preferences:

� Cost of 1 per flight to minimize the number of flights.

� Duration of the flights to minimize total travel time.

� Price of the tickets to find the cheapest itinerary.

A similar problem is network routing, where the goal is to find efficient paths to send
packets through a network.
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3.3.2 Constraint Satisfaction Problems (CSP)

A constraint satisfaction problem involves a set of variables, domains of allowed values
for each variable, and a set of constraints on combinations of variable values. The goal is
to find an assignment of values such that all constraints are satisfied.

Examples of CSPs:

� Managing runway assignments at an airport.

� Creating a university timetable.

Example: University Timetabling

States: A partial timetable, i.e., a selection of (day, time, room) triples for a subset of
courses.

Initial state: An empty timetable.

Actions: Choose a (day, time, room) triple for a course not yet scheduled.

Successor function: The resulting timetable with the new assignment.

Goal test: A timetable including all courses and satisfying all constraints (e.g., no over-
laps, required time slots).

Action cost: A constant cost per action.

3.3.3 Multi-Agent Problems

So far, all the problems involved a single agent1 making decisions independently. How-
ever, in many real-world scenarios, our decisions are influenced by the actions of oth-
ers—especially in multi-player games.

Example: Multi-Player Games

� These are more complex because the player (human or AI) cannot control the actions
of opponents.

� Rather than planning a single path from an initial to a goal state (which may involve
unknown opponent moves), we look for a strategy: a mapping from each possible
state where it’s the player’s turn to an appropriate action.

Example: Chess Game

States: A configuration of the chessboard, plus an indicator of whose turn it is.

Initial state: The standard initial configuration of a chess game and the starting player.

Actions: Legal moves available to the player whose turn it is (including resigning).

Successor function: The new configuration resulting from a move, with the turn passed
to the opponent.

Goal test: Many possible endings exist; the most well-known is checkmate.

Action cost: Can be set to 1 per move to prefer faster paths to winning.
1An agent in AI is an entity capable of perceiving and acting in an environment.
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3.4 Problem Solving Methods

Two main families of methods are distinguished according to how the solution is built
from an initial state (Nilsson, 2014; Russell et al., 2010):

1. Search in the State Space
The process always starts from the initial state, then the following steps are repeated
in a loop until termination:

� If there are no more states to explore, return failure.

� Otherwise, select one of the remaining states to explore (*):

– If the selected state is a goal state, return the corresponding solution.

– Otherwise, remove this state from the set of states to explore, and replace
it with its successor states.

What differentiates the various algorithms is the strategy used in step (*).

2. Problem Decomposition

� The problem is broken down into sub-problems until reaching ”trivial” sub-
problems.

� These sub-problems are solved using the previous method.

� The decomposition tree is then traversed back up to obtain the solution to the
original problem.

3.5 Algorithm Evaluation

To compare different algorithms, the following criteria are typically used (Nilsson, 2014;
Russell et al., 2010):

Time Complexity How much time does the algorithm take to find the solution?

Space Complexity How much memory is used during the search for a solution?

Completeness Does the algorithm always find a solution if one exists?

Optimality Does the algorithm always return the best solution?

Complexity Analysis

Time and space complexities depend on the following parameters:

� b — the maximum branching factor of the search tree

� d — the depth at which the (best) solution node is found

� m — the maximum depth of the search space (possibly m =∞)
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3.6 Search in the State Space

3.6.1 Construction of the Search Tree

Problem: expressed by a state graph

=⇒

Transformed into a search tree representing reasoning paths

Reasoning about a problem means constructing this tree by identifying the most rel-
evant reasoning path that corresponds to the solution.

Additional Notes on the construction of the search tree:

� Simulated exploration of the state space (state graph) by generating successor states
from already explored states.

� Nodes are examined and then developed or extended through a process called state
expansion.

� Each path represents a reasoning path that either leads to a solution or to failure.
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3.6.2 Generic Search Algorithm

1 Function Search(initial state, SUCCESSORS, GOAL TEST , COST):
2 loop
3 nodes to process← CREATE LIST(CREATE NODE(initial state, [],

0));
4 if IS EMPTY(nodes to process) then
5 return failure
6 end
7 node← REMOVE FIRST NODE(nodes to process);
8 if GOAL TEST (STATE(node)) = true then
9 return PATH(node), STATE(node)

10 end
11 foreach (action, state) ∈ SUCCESSORS(STATE(node)) do
12 path← [action, PATH(node)];
13 path cost← PATH COST(node) + COST(action);
14 s← CREATE NODE(state, path, path cost);
15 INSERT(s, nodes to process);

16 end

17 end
Algorithm 13: Generic Search Algorithm(Nilsson, 2014; Russell et al., 2010).

The algorithm (Algorithm 13) takes as input the description of a problem: an initial
state, a successor function, a goal test, and a cost function.

� The first step is to initialize a list2 of nodes to process. A node consists of:

– a state,

– a path (a sequence of actions from the initial state to the current state),

– and the cost of that path.

� The search starts with a single node corresponding to the initial state.

� At each iteration of the loop:

– If the list of nodes to process is empty, this means all possible paths have been
explored without success. The algorithm returns ”failure”.

– Otherwise, the first node is removed from the list for processing.

– If the state of this node satisfies the goal test, the algorithm returns the goal
state and the path that leads to it.

– If not, the algorithm generates all successor states of the current node and
inserts them into the list of nodes to process.

3.6.3 Classes of Search Algorithms

Given that state spaces are generally very large, search algorithms are used to navigate
the state space efficiently and effectively. A search algorithm defines how to find the path
(solution) from the initial state to the final state. Different algorithms define different

2The method elements are inserted depends on the specific search strategy used.
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methods to transition from the current state (node) to the next state (node). Some
algorithms only provide systematic ways to explore the state space, while others aim for
efficient and effective exploration.

Two classes of search algorithms are distinguished:

1. Uninformed or ”blind” algorithms (brute force)

� Breadth-First Search

� Depth-First Search

� Depth-Limited Search

� Iterative Deepening Search

These algorithms perform an exhaustive search, without using any information
about the structure of the state space to optimize the search.

2. Informed or heuristic algorithms

� Greedy Algorithm

� A∗ Algorithm

These algorithms use additional sources of information. They thus achieve better
performance.

3.6.4 Uninformed or ”Blind” Search Algorithms (Brute Force)

Breadth-First Search (BFS)

� Principle: All nodes at a certain depth are examined before nodes at a greater depth
(see Figure 3.3).

– Start with the initial state.

– Then all its direct successors.

– Then the successors of the successors.

– And so on.

� Implementation: Use a queue.

– Always place newly generated nodes at the end of the list of nodes to process.

Note: The functioning of BFS on the example: we start with the initial state, then
examine nodes at depth 1, then at depth 2, and so on.

Time Complexity: O(bd), where b is the maximum branching factor of the search tree
and d is the minimal number of actions to reach a goal state from the initial state.
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Figure 3.3: Illustration of the BFS algorithm. The algorithm explores all nodes at the
present depth level before moving on to the nodes at the next depth level.

Explanation: In the worst case, we examine all nodes up to depth d to find the goal state
at that depth. The total number of nodes generated is:

1 + b+ b2 + . . .+ bd + (bd+1 − b)

The quantity bd+1 − b corresponds to the number of depth-(d + 1) nodes produced
during the expansion of nodes at depth d, minus the successors of the last expanded
node (since it’s a goal node, we don’t expand its successors). Therefore, the time
complexity is O(bd).

Space Complexity: O(bd)

Explanation: Space complexity is O(bd+1) = O(bd) since at most 1 + bd+1 − b nodes are
kept in memory during the processing of the last node.

Completeness: The algorithm is complete provided the number of successors of each state
is finite (which is very often the case in practical problems).

Explanation: Let d be the minimal number of actions to reach a goal state. Since BFS
examines nodes level by level and each level contains a finite number of nodes (as-
suming no state has infinitely many successors), we are guaranteed to reach level
d.

Optimality: � Always finds a solution at the smallest possible depth.

� Therefore, if we seek any solution or the one with the least number of actions,
BFS is optimal.

� BFS is optimal when path cost depends only on the number of actions, but it
is not optimal in the general case where actions have different costs.

Figure 3.4 illustrates the time and memory requirements of BFS for a problem with
10 successors per state (assuming 10,000 nodes per second and 1,000 bytes per node).

Even for a depth of d = 6, BFS consumes 10 gigabytes of memory, and for d = 8, it
requires 1 terabyte. The algorithm takes 35 years to find a solution of depth d = 12.

The high time and space complexity restricts the use of breadth-first search to small-
scale problems.
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Depth Nodes Generated Time Memory
2 1,100 0.11 sec 1 megabyte
4 111,100 11 sec 106 megabytes
6 107 19 min 10 gigabytes
8 109 31 h 1 terabyte
10 1011 129 days 101 terabytes
12 1013 35 years 10 petabytes

Figure 3.4: Time and memory required by breadth-first search for a problem with 10
successors per state (assuming 10,000 nodes per second and 1,000 bytes per node).

Figure 3.5: Depth-First Search traverses the tree as deep as possible before backtracking.

Depth-First Search (DFS)

Depth-First Search (DFS) is an uninformed search algorithm that explores as deeply as
possible along each branch before backtracking.

� Principle: DFS follows a path as deep as possible before backtracking (see Fig-
ure 3.5).

� Implementation: uses a stack.

– Successors of the current node are added to the top of the list of nodes to
explore.

Time complexity: 1+b+b2+· · ·+bm = O(bm), which can be problematic if the maximum
depth m is much greater than the solution depth d.

Space complexity: O(b×m)

Explanation: For a problem with b successors and a maximum depth of m actions, we
need to keep at most 1 + (m × (b − 1)) nodes in memory (corresponding to the
current path under development, plus the depth-1 successors not yet processed, the
depth-2 successors not yet processed, and so on).

Completeness: DFS is not complete — it may follow an infinite path and miss existing
solutions reachable through shorter paths.

Explanation: Depth-first search is not complete because the algorithm may follow an
infinite path. However, if there are only a finite number of possible paths (which is
rarely the case), then depth-first search will be complete.
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Optimality: DFS is not optimal — it does not guarantee that the first found solution is
the best one.

DFS is not complete, not optimal, and not better than BFS in time complexity. How-
ever, it has the major advantage of requiring less memory, even when b and m are large.
Thus, this lower space complexity makes DFS suitable for problems that are impractical
with BFS.

Limited Depth-First Search

The DFS algorithm can get lost in an infinite-depth search! (infinite state space). It may
blindly follow an infinite path that does not lead to a goal state. A naive way to avoid
this problem is to set a maximum depth and not consider paths deeper than this limit.

Time Complexity: 1 + b+ b2 + . . .+ bl = O(bl), where l is the maximum depth limit.

Space Complexity: O(b× l).

Completeness: Complete if the maximum depth is greater than or equal to the minimum
depth of the solutions (l ≥ d).
Note: Since we generally don’t know what depth is sufficient, we can’t guarantee
that the algorithm is complete for a given depth.

Optimality: Not optimal (like classical DFS).
Note: As with standard depth-first search, limited depth-first search is generally not
optimal.

Iterative Deepening Depth-First Search

� Since we don’t know what depth limit to choose, we test them one after the other.

� That is, we perform a depth-limited search with a limit of 1, then with a limit of 2,
and continue increasing the depth limit until a solution is found.

Time Complexity: (d+ 1) + (d)b+ (d− 1)b2 + . . .+ (1)bd = O(bd)
Note: We examine the single node at depth 0 exactly d + 1 times, nodes at depth
1 exactly d times, depth 2 nodes d − 1 times, ..., and nodes at depth d only once.
While this may seem inefficient due to repeated visits, iterative deepening is actually
less time-consuming than breadth-first search (which has a complexity of O(bd+1)
due to generating nodes at depth d + 1 during the exploration of nodes at depth
d), and better than standard depth-first search (which may go beyond depth d
unnecessarily).
Comparison between time complexity of Iterative Deepening (ID) and Breadth-First
Search (BFS) for b = 10, d = 5:
N(BFS) = 1 + 10 + 100 + 1,000 + 10,000 + 100,000 + (bd+1 − b) = 1,111,101 nodes
N(ID) = 6 + 50 + 400 + 3,000 + 20,000 + 100,000 = 132,456 nodes

Space Complexity: O(b× d)
Note: At most 1 + d(b − 1) nodes are stored in memory when examining nodes at
depth d.

Completeness: Complete, provided that the branching factor is finite (as in BFS).
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Figure 3.6: Illustration of Iterative Deepening Search: combining the space efficiency of
DFS with the completeness and optimality of BFS.

Optimality: Optimal when path cost depends only on the number of actions.

Iterative deepening search therefore combines the advantages of:

� Breadth-First Search =⇒ completeness and optimality

� Depth-First Search =⇒ low space complexity

This is why iterative deepening is considered the best uninformed search al-
gorithm for large problems where the solution depth is unknown.

3.6.5 Informed or Heuristic Search Algorithms

Motivation for Heuristic Search

Uninformed (or ”blind”) search algorithms perform an exhaustive search of all possible
paths. This makes them inefficient or even unusable for large-scale problems. The so-
lution is to use use heuristic search algorithms. These algorithms incorporate additional
information to better guide the search process.

Every heuristic search algorithm uses an evaluation function f that determines the
order in which nodes are explored. The list of nodes to be processed is sorted based
on their f -values. The evaluation function typically includes an heuristic function h(n):
h(n) = Estimated cost of the cheapest path from node n to a goal state. h(n) = 0 if n is
a goal node.

Example: Romanian Map Problem

The map in Figure 3.7 shows the major cities and road distances in Romania, which we
use to illustrate heuristic search.
Consider the following problem: we are located in Arad, Romania and must reach Bucharest
by traveling the shortest possible distance.

Using a Heuristic Function

� Let d(A,B) denote the road distance between cities A and B, i.e., the length of the
shortest path between them. Example: d(Zerind, Sibiu) = 215

� To evaluate how close we are to the goal when at city X, it would be useful to know
d(X,Bucharest). Then we could define the heuristic as: h(X) = d(X,Bucharest)
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Figure 3.7: Map of Romania showing cities and road distances. Used to illustrate heuristic
search from Arad to Bucharest(Russell et al., 2010).

Figure 3.8: Heuristic values: straight-line (as-the-crow-flies) distances to
Bucharest(Russell et al., 2010).

� However, the exact function d is often inaccessible, and computing it is non-trivial.3

� This is where the heuristic comes in — it serves as an approximation. We ap-
proximate d(X,Bucharest) with h(X) = straight-line (”as-the-crow-flies”) distance
between city X and Bucharest. This value is easily obtained using a road map and
a ruler.

As shown in Figure 3.8, the heuristic values represent the estimated distances from
each city to Bucharest using straight-line distances.

� These values are used as our heuristic h(X).

� Since road distances are always greater than or equal to straight-line distances, h(X)
is only an approximation of the real cost. If our heuristic were perfect (i.e., exactly
equal to the real cost to the goal), we wouldn’t need to search at all — we could go
straight to the solution!

Greedy Best-First Search

The idea of this algorithm is to explore the nodes that appear to be closest to a goal state,
hoping to reach a solution more quickly. To do this, it evaluates nodes using only the
heuristic function: f(n) = h(n).

3In this small-scale example, d can be computed manually, but in large graphs this becomes compu-
tationally expensive.
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Figure 3.9: Illustration of node selection in Greedy Best-First Search based on
h(n)(Russell et al., 2010).

Figure 3.10: Greedy Best-First Search applied to the Romania map problem(Russell et
al., 2010).
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Execution example: from Arad to Bucharest
We begin at the initial state Arad. From there, we consider the three successors:

� Sibiu (h = 253)

� Timisoara (h = 329)

� Zerind (h = 374)

Since Sibiu has the lowest heuristic value, it is chosen for expansion. Sibiu is not the
goal state, so we add its successors to the frontier:

� Arad (h = 366)

� Fagaras (h = 176)

� Oradea (h = 380)

� Rimnicu Vilcea (h = 193)

Among all nodes in the frontier, Fagaras has the lowest heuristic value, so it is expanded
next. Fagaras is still not a goal state, so its successors are added:

� Sibiu (h = 253)

� Bucharest (h = 0)

Since Bucharest has the lowest heuristic value (0), it is selected next. As it corresponds
to a goal state, the algorithm stops and returns the found path:

Path: Arad→ Sibiu→ Fagaras→ Bucharest

Time Complexity: O(bm), where b is the branching factor and m is the maximum depth
of the search tree.

Space Complexity: O(bm) — the algorithm retains all nodes in memory, which can result
in high space usage.

Completeness: Not complete — the algorithm may fall into infinite loops even if a solution
exists.
Example: Suppose we want to go from Iasi to Fagaras. The heuristic suggests
expanding Neamt first (it appears closer to Fagaras), but Neamt is a dead end.
The algorithm reconsiders Iasi, which still appears better than Vaslui, leading to an
infinite loop. Thus, the search never reaches the goal, even in a finite state space.

Optimality: Not optimal.
Example: In the previous case (Arad to Bucharest), the algorithm returned the path:
Arad → Sibiu → Fagaras → Bucharest.
However, the shorter and optimal path is:
Arad → Sibiu → Rimnicu Vilcea → Pitesti → Bucharest.

Important Observations:

� The time and space complexity, as well as the optimality of the algorithm,
strongly depend on the quality of the heuristic function.

� Greedy Best-First Search prefers nodes whose states appear closer to the
goal, but it ignores the cost of the path taken so far to reach these nodes.
This can lead to suboptimal solutions.
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Figure 3.11: Step-by-step execution of A* search (Part 1): from Arad to Bucharest(Russell
et al., 2010).

A* Search

Greedy best-first search prefers nodes whose states seem closest to a goal state but ignores
the cost of the path from the initial state to those nodes. However, the cost accumulated
so far is highly relevant: the total cost of a path through a node n is the sum of:

� the cost to reach n from the initial state, and

� the estimated cost from n to a goal state.

This is the central idea behind the A* search algorithm.
Let g(n) be the cost from the initial state to node n. The evaluation function used by

A* is:
f(n) = g(n) + h(n)

The evaluation function f(n) provides an estimate of the cost of the best
solution passing through node n.

Note: Since g(n) represents the actual cost from the start to n, and h(n) is a heuristic
estimate from n to a goal state, their sum f(n) gives an estimate of the total cost of a
solution path that goes through n.

Example: A* Search on the Romania Map
We illustrate the execution of A* search in the context of finding a path from Arad to

Bucharest.
The algorithm starts at the initial state Arad. Since Arad is not a goal state, we

examine its three successors and compute their evaluation function f(n) = g(n) + h(n):

82



Course Support Complexity and Problem Solving

Figure 3.12: Step-by-step execution of A* search (Part 2): continuing from Rimnicu
Vilcea(Russell et al., 2010).

� Sibiu: f = 140 + 253 = 393

� Timisoara: f = 118 + 329 = 447

� Zerind: f = 75 + 374 = 449

Sibiu has the lowest f -value, so it is selected next. We expand Sibiu and add its
successors to the list of nodes to be considered:

� Arad: f = 280 + 366 = 646

� Fagaras: f = 239 + 176 = 415

� Oradea: f = 291 + 380 = 671

� Rimnicu Vilcea: f = 220 + 193 = 413

Rimnicu Vilcea is now the most promising node (lowest f). We expand it and add its
successors:

� Craiova: f = 366 + 160 = 526

� Pitesti: f = 317 + 100 = 417

� Sibiu: f = 300 + 253 = 553

Next, among all nodes in the frontier, Fagaras has the lowest f -value, so it is expanded.
We add its successors:

� Sibiu: f = 338 + 253 = 591
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� Bucharest: f = 450 + 0 = 450

Although Bucharest is now in the frontier, the algorithm does not stop immediately
since a lower-cost solution might still exist. Next, Pitesti is chosen because its f = 417 is
lower than the 450 for Bucharest. Expanding Pitesti yields:

� Bucharest: f = 418 + 0 = 418

� Craiova: f = 455 + 160 = 615

� Rimnicu Vilcea: f = 414 + 193 = 607

Now, the new node Bucharest with f = 418 has the best evaluation among all re-
maining nodes, and since it is a goal state, the algorithm terminates.

Resulting path:

Arad→ Rimnicu Vilcea→ Pitesti→ Bucharest

Properties of A* Search
The A* search algorithm is both complete and optimal under certain conditions:

� The number of successors for each node is finite.

� The heuristic function h(n) is admissible.

What is an admissible heuristic?

� A heuristic h(n) is admissible if it never overestimates the true cost of the optimal
path from node n to a goal state.

� Formally, for every node n, we must have:

h(n) ≤ true cost from n to goal

In our example, the straight-line (Euclidean) distance to Bucharest is an admissible
heuristic. The straight-line distance (heuristic value) is never strictly greater than the
actual road distance (true cost), making it a valid underestimate.

Complexity considerations:

� The time and space complexity of A* depends heavily on the heuristic used.

� In the worst case, A* has exponential time complexity.

� It also has high space complexity, as it keeps all generated nodes in memory.

To overcome these limitations, especially in large-scale problems, several memory-
efficient variants of A* have been developed (Edelkamp & Schrödl, 2011):

� Iterative Deepening A* (IDA*): combines the space efficiency of depth-first search
with the optimality of A*, performing repeated depth-limited searches with increas-
ing limits.

� Recursive Best-First Search (RBFS): a recursive algorithm that uses linear space
by keeping only the current path in memory while backtracking when necessary.

� Memory-Bounded A* (MA*): limits the amount of memory used by discarding less
promising nodes when memory is full.

� Simplified Memory-Bounded A* (SMA*): an improved version of MA* that keeps
the best forgotten nodes’ information to ensure better search efficiency.
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Local Search

In constraint satisfaction problems (CSPs), the goal is not to find the path to a solution,
but simply to find a goal state. Therefore, the search strategy can be adapted:

� Main idea: generate states successively without considering paths, until a goal state
is found.

� This approach forms the basis of local search algorithms (Russell et al., 2010;
Stützle, 1999).

Unlike systematic search algorithms, which store paths and keep track of explored and
unexplored alternatives at each step, local search algorithms are not systematic. However,
they offer two main advantages:

1. Memory efficiency: they use very little memory, often a constant amount.

2. Adaptability to large state spaces: they can often find reasonable solutions in very
large or even infinite state spaces, where systematic algorithms are not practical.

Note: Systematic algorithms explore the search space by storing paths and
recording explored alternatives. Local search sacrifices completeness to gain
speed and save memory.

In summary, local search prioritizes speed and memory efficiency over completeness,
making it particularly suitable for complex or large-scale problems.

Greedy local search (hill climbing)

The simplest local search algorithm is called greedy local search (Russell et al., 2010;
Talbi, 2009), also known as hill-climbing (see Algorithm 14).

The algorithm works as follows:

� Start with an initial state chosen randomly. If this state is a goal, the search stops.
Otherwise, generate its successors.

� Evaluate the successors using a heuristic function.

� If no successor has a better heuristic value than the current state, the search cannot
improve further and stops.

� Otherwise, move to the successor with the highest heuristic value and repeat the
process.

Algorithm 14: Greedy Local Search (Hill-Climbing) (Russell et al., 2010)

1 function HillClimbing(problem):
2 current← MAKE-NODE(problem.Initial-State) ;
3 loop
4 neighbor ← the best-valued successor of current ;
5 if neighbor.Value ≤ current.Value then
6 return current.State // No improvement possible, stop search

7 end
8 current← neighbor ;

9 end
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Local search algorithms typically use a complete state formulation. For the 8-Queens
problem, each state contains 8 queens on the board, one per column.

� The successors of a state are all possible states generated by moving a single queen
to another position in its column. Since each queen has 7 other positions, each state
has 8× 7 = 56 successors.

� The heuristic cost function h is defined as the number of pairs of queens that attack
each other.

� The global minimum of this function is 0, which corresponds to perfect solutions
where no queens attack each other.

For example, consider a state with h = 17. Figure 3.13 illustrates this state and
the heuristic values of all its successors. The successors with the lowest heuristic value
(h = 12) are considered the best moves. Hill-climbing algorithms usually select randomly
among these best successors when multiple exist.

Hill-climbing often makes rapid progress toward a solution, because it is usually easy
to improve a bad state. Starting from the state shown in Figure 3.13(a), only five moves
are needed to reach the state in Figure 3.13(b), where h = 1, which is very close to a
solution.

Figure 3.13: (a) An 8-Queens state with heuristic cost h = 17, showing the h values of
all successors obtained by moving a queen in its column. The best moves are highlighted.
(b) A local minimum in the 8-Queens state space; the state has h = 1 but all successors
have higher costs.

Note: A local minimum occurs when a state has a lower heuristic value than all its
successors, but the state is not a global solution (h > 0). Hill-climbing can get stuck in
such local minima.

Advantages:

� Very low memory usage: Only the current state is stored in memory.

� Fast execution time: For example, in the 8-Queens problem, the algorithm typically
completes in 4 steps when it finds a solution and in 3 steps when it gets stuck.

Main drawback:
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� Hill-climbing has a low success rate because the search stops whenever the heuristic
value cannot be immediately improved.

� For the 8-Queens problem, the basic hill-climbing algorithm succeeds only about
14% of the time.

� Note: This basic hill-climbing algorithm is incomplete—it often fails to find a goal
even if one exists, as it can get trapped in local maxima.

Possible improvements:

1. Allow moves to successors with the same heuristic value as the current state:

� A limit must be imposed on the number of consecutive non-improving moves
to avoid infinite loops.

� For the 8-Queens problem, allowing up to 100 consecutive moves that do not
improve the heuristic increases the success rate from 14% to 94%.

2. Introduce randomness (stochastic hill-climbing):

� Instead of always selecting the best neighbor, choose a neighbor probabilisti-
cally based on its heuristic value.

3. Restart upon getting stuck:

� If the search becomes blocked, restart hill-climbing from a randomly chosen
state and continue until a goal state is found.

� This simple yet effective technique can solve extremely large problems, such as
the 3-million-queens problem, in less than one minute on a standard desktop
computer.

Remark:

Thanks to their very low space complexity, local search algorithms can be applied to
very large problems that cannot be solved efficiently with classical systematic algorithms.
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Figure 3.14: The genetic algorithm, illustrated for digit strings representing the states of
the 8-queens problem.

Genetic Algorithms

Algorithm 15: Genetic Algorithms (Russell et al., 2010)

1 function Genetic-Algorithm(population, Fitness-Fn)returns an individual:
2 repeat
3 new population← empty set ;
4 for i← 1 to Size(population) do
5 x← Random-Selection(population,Fitness-Fn) ;
6 y ← Random-Selection(population,Fitness-Fn) ;
7 child← Reproduce(x,y) ;
8 if small random probability then child← Mutate(child) ;
9 add child to new population ;

10 end
11 population← new population ;

12 until some individual is fit enough, or enough time has elapsed;
13 return the best individual in population, according to Fitness-Fn

14 function Reproduce(x , y)returns an individual:
15 n← Length(x) ; c← random number from 1 to n ;
16 return Append(Substring(x,1,c),Substring(y,c+ 1,n))

Genetic algorithms (GAs) (Russell et al., 2010; Chambers, 2000), see Algorithm 15, are
stochastic greedy local search techniques that maintain a large population of states. Unlike
classical local search, successor states are generated by combining two parent states rather
than modifying a single state. A GA begins with a population of k randomly generated
states. Each state, or individual, is represented as a string over a finite alphabet, most
commonly a binary string.

For example, a state of the 8-Queens problem must specify the positions of 8 queens
placed on an 8×8 chessboard. This representation requires 8× log2 8 = 24 bits if encoded
in binary. Alternatively, an individual can be represented directly as a sequence of eight
digits, each between 1 and 8. A sample population of four such individuals is illustrated
in Figure 3.14(a).

The generation of the next population is illustrated in Figures 3.14(b)–(e). In (b), each
individual is evaluated using a fitness function. The fitness should assign higher values to
better states. In the 8-Queens problem, a natural fitness measure is the number of pairs of
queens that do not attack each other. A correct solution has a value of 28. In the example,
the four individuals have fitness values 24, 23, 20 and 11. In this variant of the genetic
algorithm, each individual is selected for reproduction with probability proportional to its
fitness score.

In (c), two pairs of parents are randomly selected according to these probabilities. An

88



Course Support Complexity and Problem Solving

Figure 3.15: The 8-queens states corresponding to the first two parents in Figure 3.14(c)
and to the first offspring in Figure 3.14(d). The shaded columns are discarded during the
crossover step, while the unshaded columns are preserved.

individual may be selected more than once, while another may not be selected at all.
For each selected pair, a crossover point is chosen at random among the positions in the
representation. The two parent strings are then crossed at this point to produce offspring,
as shown in Figure 3.15. In the example, the crossover points are after the third digit for
the first pair and after the fifth digit for the second pair.

Finally, in (e), each position in each offspring is subjected to a random mutation
with a small independent probability. In the 8-Queens problem, a mutation corresponds
to selecting a queen at random and moving it to a random row in its column. In the
illustration, one digit is mutated in the first, third, and fourth offspring.

Genetic algorithms therefore combine selection, crossover, and mutation to iteratively
construct new populations, progressively improving the quality of the solutions.

3.7 Problem-solving by decomposition

Sometimes, problems only appear difficult to solve. In fact, a difficult problem can often
be reduced to a set of simpler problems. Once each of these simpler problems is solved,
the original complex problem is considered solved. This is the basic intuition behind the
problem decomposition (or reduction) method.

For instance, if one is searching for a sequence of actions to reach a goal, one approach
is to use state-space search, where each node in the search space represents a state of the
world, and the task is to find a sequence of actions that leads from the initial state to the
goal state.

Another approach is to consider the different ways in which the goal state can be
decomposed into simpler subgoals (Yang, 2012). By solving each subgoal individually,
the overall problem can be addressed in a structured and manageable way.

A problem decomposition (or reduction) search consists of planning the best method
to solve a problem that can be recursively decomposed into subproblems in multiple ways.
This approach is applicable to a variety of problems, such as:

� Matrix multiplication problems

� The Towers of Hanoi

� The Blocks World problem

� Theorem proving

� And many others
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Example (matrix multiplication problem)

A1 = 3× 4
A2 = 4× 10
A3 = 10× 1

3.7.1 OR and AND-OR Graphs in Problem Solving

The state-space search techniques described above can all be represented using a tree
where each successor node represents an alternative action to take. The search structure
is called an OR-graph. In an OR-graph, we aim to find a unique path to a goal. This is
because we will know how to move from a node to a target state if we can discover how to
reach the target state along one of the branches leaving that node. To represent problem
reduction techniques, we must use an AND-OR graph/tree. The problem reduction
technique using the AND-OR graph is useful for representing a solution to a problem that
can be solved by breaking it down into a set of smaller problems, all of which must be
solved.

3.7.2 AND-OR Graphs

An AND-OR graph is a graphical structure used to represent problem-solving strategies
where a problem can be decomposed into subproblems in different ways. In such a graph,
there are two types of nodes:

� OR nodes, where achieving any one of the successor nodes is sufficient. These
represent alternative ways to solve a subproblem.

� AND nodes, where all successor nodes must be achieved for the node to be con-
sidered resolved. These represent subproblems that must all be solved to reach a
solution.

Decomposition or reduction of a problem generates AND arcs, which may point to
multiple successor nodes. All these successors must be solved for the arc to lead to a
solution. Similar to OR graphs, multiple arcs can emerge from a single node, indicating
the variety of ways the original problem can be addressed.

This combination of AND and OR nodes is why the structure is called an AND-OR
graph (sometimes also referred to as an AND-OR tree).

The AND-OR graph provides a clear way to represent two scenarios:

1. Where all subgoals must be satisfied to achieve the main goal (AND nodes).

2. Where there exist alternative subgoals, any of which could lead to the main goal
(OR nodes).
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Figure 3.16: A simple AND-OR graph.

Such graphs are particularly useful in problem-solving techniques that rely on prob-
lem decomposition, as they explicitly model both necessary sequences of actions and
alternative strategies.

The search problem in an AND-OR graph can be formally defined as follows:
Definition
Given the tuple [G, s, T, h], where:

� G4 : the specified AND-OR graph.

� s : the initial node of the AND-OR graph.

� T : the set of terminal nodes.

� h(n) : a heuristic function estimating the cost of solving the subproblem at node n.

The goal is to find a solution tree with minimum cost.

3.7.3 Algorithms for AND-OR Graph Search

Searching for a solution in an AND-OR graph requires careful handling of the AND nodes.
A standard A* algorithm cannot efficiently search AND-OR graphs because it does not
account for the combined costs of AND subgoals.

Consider the example in Figure 3.17. The top node A is expanded, producing two
branches: one leading to B, and the other leading to the subgraph C-D. The numbers
associated with each node represent the heuristic estimate h of solving the subproblem at
that node.

Figure 3.17: Initial expansion in an AND-OR graph.

At first glance, node C seems to be the most promising to expand next since its
estimated cost f = h + g = 3 + 1 is the lowest. However, using C requires also using D,
leading to a total cost of f(C) = 9 (3 + 4 + 1 + 1). Expanding B instead yields a lower
cost of 6 (5 + 1).

Thus, the selection of the next node to expand depends on whether the node lies along
the current best path from the initial node. Figure 3.18 illustrates the updated situation
after considering combined costs:

4G is a weighted AND-OR graph, where each arc is associated with a cost.
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Figure 3.18: Evaluating the best path considering AND node costs.

This example demonstrates why naive A* fails in AND-OR graphs: it cannot correctly
evaluate nodes that are part of AND subgoals. Specialized algorithms, such as AO*, are
required to properly handle AND nodes while still using heuristics.

Conclusion

This chapter has presented key concepts in problem solving for artificial intelligence.
We defined problems, illustrated examples such as the 8-puzzle and Eight Queens, and
classified problems into planning, constraint satisfaction, and multi-agent types.

We examined search methods, from uninformed algorithms like BFS and DFS to
heuristic approaches such as Greedy Best-First and A* Search, as well as local search
and genetic algorithms.

Problem decomposition using OR and AND-OR graphs was highlighted, showing how
complex problems can be structured and solved efficiently with specialized algorithms.

Effective AI problem solving relies on understanding the problem structure and choos-
ing suitable methods, combining search strategies, heuristics, and decomposition to handle
diverse challenges.
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General Conclusion

This polycopie has presented a comprehensive overview of important concepts in algorith-
mic complexity and problem-solving, with a progressive structure across three chapters.

We began by laying the theoretical foundation of algorithm complexity, introducing
essential tools such as asymptotic analysis, recurrence relations, and algorithm evaluation
methods. This gave students the ability to analyze and compare algorithm performance.

In the second chapter, we moved from analyzing algorithms to classifying problems
themselves. We studied the distinction between tractable and intractable problems, the
notion of undecidability, and the complexity classes P and NP. The framework of NP-
completeness was explored through classic problems, deepening our understanding of
computational limitations.

The final chapter highlighted problem solving as a core aspect of artificial intelligence.
It covered formal problem definitions, search techniques from uninformed to heuristic-
based methods, and alternative approaches like local search and genetic algorithms. Spe-
cial attention was given to problem decomposition using OR and AND-OR graphs showing
how complex problems can be structured and solved efficiently.

Taken together, these chapters equip students with the theoretical and practical skills
needed to analyze problems, design efficient solutions, and understand when and why
certain problems are inherently difficult to solve.

Future Directions. While this polycopie provides a solid foundation, several important
topics remain to be explored, including:

� Approximation algorithms for NP-hard problems,

� Probabilistic and randomized algorithms,

� Advanced AI search methods,

� Parameterized complexity and fixed-parameter tractability (FPT),

� Complexity in distributed and parallel computing environments.

These topics represent the next steps for students who wish to deepen their expertise in
computational complexity and advanced problem-solving, particularly in domains where
classical algorithmic approaches are insufficient.
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M’Sila. Retrieved from https://elearning.univ-msila.dz/moodle/pluginfile

.php/371253/mod_resource/content/1/_IAPA_papier_chapitre_2.pdf
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d’Aix-Marseille.
Farzan, A., & Kincaid, Z. (2015). Compositional recurrence analysis. In 2015 formal

methods in computer-aided design (fmcad) (pp. 57–64).
Fumera, G. (2019/2020a). Artificial Intelligence - MSc Programs in: Computer Engi-

neering, Cybersecurity and Artificial Intelligence Electronic Engineering Academic.
Department of Electrical and Electronic Engineering, University of Cagliari.

Fumera, G. (2019/2020b). Exercises on search algorithms. University of
Cagliari. Retrieved from https://unica.it/unica/protected/398005/0/def/

ref/MAT238987/

Garey, M. R., & Johnson, D. S. (1979). Computers and intractability. W. H. Freeman
and Co.

Gaudel, M.-C., Soria, M., & Froidevaux, C. (1987). Types de données et algorithmes:
Recherche, tri, algorithmes sur les graphes. INRIA.
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